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The HRR fields; why stress and strain vary as r n +1 and r n+1 ; When are crack tip
fields of HRR form; Loss of constraint (validity); Ductile fracture(tearing) criterion;
The failure assessment diagram as a J based fracture criterion; R6 Options 1, 2 and
3; The JR tearing resistance curve and how a tearing analysis is conducted; Tearing
instability;
Qu.: For power law hardening, how do the crack tip stresses and strains depend
upon the radial distance, r?
Recall the same question in LEFM, where it was found (after some nasty lovely
analytic function arguments) that the stresses and strains both varied as ∝ 1 / r . In
power law hardening we have ε ∝ σ n , so it obviously cannot be true any more that
both stress and strain vary as ∝ 1 / r . But addressing the question now is easy,
because we have the advantage of knowing that J is contour independent,
∂u 

J = ∫ Wdy − T ⋅
ds
∂x 
Γ

(1)

where, W = ∫ σ ij dε ij and T is the traction acting over the boundary Γ . The traction is
proportional to the stress, and the displacement gradient is proportional to strain.
Consequently, both terms in (1) are proportional to the product of stress and strain.
Integrating around a circle of radius r centred on the crack tip, both terms will also be
proportional to r (because the integration variables, dy and ds, have dimensions of
length). Hence, we have,
J ∝ σε ⋅ r = independent of r

So that σε ∝ 1 / r . But using also ε ∝ σ n implies σ n+1 ∝ 1 / r , and hence,
1

σ∝

1

r

n+1

and

1

ε∝

n

r

(2)

n+1

For linear elastic behaviour we have n = 1 so (2) reduces to stress and strain both
being proportional to 1 / r as it should.
For common structural steels, a typical value for n might be n ~ 5. Hence (2) shows
that the singularity is much more severe in the strain than in the stress.
Perfect plasticity is the limit n → ∞ , for which the stress becomes a constant (within
the region near the crack tip, that is – and hence within the plastic zone, so the
equivalent stress is just the yield stress) and the strain takes up the full 1 / r singularity.
Qu.:

Are there “PYFM Crack Tip Fields” analogous to the LEFM Fields?

Yes and no. Under linear elastic conditions, the LEFM fields are completely general.
They always apply sufficiently close to a sharp crack tip. There are no elastic-plastic
fields of equivalent generality.
One reason is the irreversibility of plasticity – which means that (roughly speaking)
for a given stress state the total plastic strain can be contrived to be almost anything.
So clearly there is no unique plastic strain field.

But even if we consider only monotonically increasing load (so that irreversibility is
irrelevant) then different structural geometries or different types of loading will often
produce different crack tip fields once sufficiently large plastic strains have spread
across the whole section. This is because the crack tip region becomes overwhelmed
by the global structural response, i.e., the collapse mechanism. This is known as “loss
of constraint” or “loss of validity”.
However, there are a set of PYFM crack tip fields which apply in restricted
circumstances, known as the HRR fields (for Hutchinson and Rice & Rosengren who
developed the theory in 1968). They apply only for power-law hardening materials.
The HRR fields are the unique elastic-plastic crack tip fields which occur for power
law hardening if the plastic zone is surrounded by an LEFM region.
Qu.:

What is “Post-Yield Fracture Mechanics” (PYFM)?

PYFM is the fracture mechanics which applies when plasticity is significant and the
conditions under which LEFM would be valid cease to hold. The logic of PYFM is
underpinned by the existence of crack tip fields of HRR form (if power law hardening
is assumed).
The definition of the HRR fields may seem to imply that PYFM is valid only when
there is a region surrounding the HRR region within which the LEFM fields prevail.
Actually this is not so. ..
The HRR fields may continue to apply near the crack tip even when there is no LEFM
region – and perhaps even when plasticity has spread across the whole section.
Qu.:

So, PYFM applies for all plastic states?

No.
PYFM is applicable only when HRR fields prevail near the crack tip. But, unlike the
LEFM case, the crack tip fields cannot be assumed always to be of HRR form. There
is no general guide, applicable to any geometry and loading , as to when HRR fields
prevail. When sufficiently large plastic strains have built up across the whole section
of the structure, the crack tip fields will deviate from HRR form.
Qu.:

What is “validity”?

Just as LEFM is valid if there is a region surrounding the crack tip in which the
LEFM fields prevail, so PYFM is said to be “valid” if there is a region surrounding
the crack tip in which the HRR fields prevail (when power law hardening is assumed).
Conversely, if a structure, or test specimen, is subject to sufficiently large strains that
the HRR fields no longer prevail, this is described as “loss of validity” or “loss of
constraint”.

Qu.:

So what exactly are the HRR fields?
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In practice the angular functions σ~ij (θ , n ) , ε~ij (θ , n ) and u~i (θ , n ) have to be found by

numerical means. In the case n = 1 they reduce to the LEFM angular functions. The
angular dependence varies with hardening index, n. However, since they are subject
to the same boundary conditions, they have qualitatively similar forms. Tabulated
values may be found in Fong Shih’s 1983 paper (extracts of which for n = 5 are
included at the end of these notes - you will need this for the homework).
The HRR fields depend upon the radial distance, r, only through the dimensionless
ratio r / δ 0 , where δ 0 = J / σ 0 . Moreover, their only dependence on the applied load is
also via the ratio r / δ 0 , since this is the only place in which J occurs.
Hence, conformance to HRR form can be tested by plotting stresses or strains against
r / δ 0 for a range of increasing loads. All loads should produce the same unique curve,
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example plots at end from RAWB’s 1984 paper on Mode II validity.
Qu.:

What is “Crack Tip Opening Displacement (CTOD)”?

The conventional definition of CTOD uses lines drawn at 45o to the x-axis from the
tip of the blunted crack. The points of intersection with the (deformed) crack faces
define the position at which the CTOD is measured. The CTOD is roughly the same
as twice the crack tip radius of curvature. The spatial scale δ 0 = J / σ 0 is closely
related to the CTOD. A common form of tabulation is in terms of a dimensionless Dn
where,
1

CTOD = ε 0 n Dn

J
σ0

Dn is of order unity. For example, for n = 5 and ε 0 = 0.1% , CTOD ≈ J / 4σ 0 (plane
strain). More accurate values for Dn are tabulated below.

Qu.:

Are there examples of loss of validity?

Yes. The valid loading regime of test specimen geometries has been established by
finite element modelling. The crack tip fields are found to be of HRR form below a
certain load, but to depart from it at higher loads.
Qu.:

How is the valid regime defined for test specimens?

A convenient way to express the valid loading regime is to use the quantity J / σ y .
This has the dimensions of length. Validity holds provided that the characteristic
dimensions of the specimen, L (e.g, the uncracked ligament size or the thickness) are
larger than some multiple of J / σ y . In other words, valid toughness measurements
result from the specimen if Lσ y / J > N , for some N characteristic of the specimen
geometry and loading. The advantage of this formulation is that it is largely material
independent, since the yield stress dependence is factored out. In principle, the
numerical factor, N, might depend upon the plastic index (n), but in practice this
dependence is slight.
The larger N, the bigger the test specimen must be to maintain validity. Hence, it is
desirable to devise specimens with small N so that only small specimens are required.
This requires less material, and also requires smaller testing machines (i.e., smaller
applied loads).
For the most commonly used test geometry, the compact tension specimen (CTS),
N ≈ 20 (but note that some standards use the flow stress in place of the yield stress,
i.e., the size requirement is Lσ f / J > N ). For a centre-cracked plate (CCP) geometry,
with applied tension, N ≈ 200 . The CTS is highly constrained, and this is reflected in
a relatively small value for N (i.e., small specimens suffice). In contrast, the CCP is a
low constraint geometry, and hence has a large N, i.e., a much larger specimen is

required – which is why you rarely see a CCP geometry used, unless it’s an
experiment to prove this very point.
Size requirements of approximately these magnitudes may be found in a range of
fracture toughness testing standards. It is important to recognise that these
requirements originate primarily from finite element analyses and PYFM theory. The
extent to which these size requirements have been confirmed as adequate by
experiment would be worth exploring (off hand I don’t know, though there were
many comparisons of the results from different specimen geometries in the 70s and
80s).
Example: The requirements of BS7448: Part 4 (1997) Section 12
•

CTS or a three-point bend specimen.

•

J is not permitted to exceed Lσ f / 20 , where the flow stress, σ f , is the average of
the 0.2% proof strength and the UTS, both at the test temperature, and L is the
smaller of the out-of-plane specimen thickness and the uncracked ligament. To
put that the other way around, the specimen dimensions, L, must exceed 20 J / σ f .

•

The J < Lσ f / 20 limits defines a maximum load, or equivalently a maximum
amount of crack growth, which is valid in the test.

•

There is also an explicit limit to the permitted crack extension, namely 10% of the
uncracked ligament in the case of a J-test.

Qu.:

But how do we know whether PYFM is valid for our plant component?

Good question! People rarely justify validity for the component being assessed. But
actually this is OK. There are two situations:If the component is loaded in a similar manner to the test specimen used to obtain the
toughness, but is just bigger, then validity of the component is ensured by the validity
of the test specimen.
Alternatively, if the component is loaded in a different manner from the test
specimen, or is smaller in some key dimension (e.g., thickness), then validity of the
component cannot be assumed. However, loss of validity (low constraint) in the
component will mean that its fracture load will be greater than it would be assuming
full constraint prevailed. This is because high constraint promotes fracture. Complete
loss of constraint will lead to the structure failing at the plastic collapse load,
unaffected by fracture effects.
So, ignoring the issue of PYFM validity for the structure is conservative. If you wish
to be less conservative, there are procedures within R6 for addressing less than full
restraint – and the basis of these procedures will be discussed in a later session.
Qu.:

What is the ‘fracture’ criterion in PYFM?
Fracture Criterion
J = J init or J = J 0.2

…but note that ‘fracture’ in PYFM may mean stable tearing rather than fast fracture.

Qu.:

What does the subscript 0.2 mean?

The 0.2 refers to the amount of stable tearing, in mm, at which the toughness is
measured.
More generally we refer (loosely) to the “initiation” value of J, where “initiation”
refers to the initiation of stable tearing. Actually this is a misnomer because we never
measure J at zero tear length. The various testing standards have differing definitions
of the “initiation” toughness, but one is simply to adopt 0.2mm of tearing.
An alternative uses the blunting line, so that the initiation toughness is defined by the
intersection of the given blunting line with the experimentally determined tearing
resistance curve. So the amount of tearing at “initiation” varies (but is typically
between ~0.2mm and ~0.5mm).
Qu.: This seems to imply that, when there is plasticity, we get stable tearing rather
than catastrophic fracture?
Yes, it does. And this is often true providing that there is significant plasticity near the
crack tip. The reason is essentially tautologous – if the material was brittle it would
fracture before significant plasticity could occur. So, the occurrence of significant
plasticity implies a ductile material. And ductile materials tend to exhibit stable
tearing before fast fracture. But take care – ductile tearing is not always stable, and
unstable tearing is functionally equivalent to brittle fracture. If you get hit by a flying
fragment of exploding pressure vessel, you will not be worrying about whether the
fracture surface displays ductile dimples.
Qu.:

Why is tearing (sometimes) stable in ductile materials?

Tearing can be stable in ductile materials because the advance of the crack leaves
behind it a ‘wake’ of plastically deformed material, as well as driving a new ‘bow
wave’ of plasticity in front of it. So a substantial amount of energy is required to drive
the crack forward. This energy is being supplied either by an external agency, or from
the strain field of the body. We will show in a future session that the energy required
to create a further increment of tearing can be larger than the energy which can be
supplied – so that the increment of tearing cannot happen and the situation is stable.
Note that the energy permanently absorbed – and locked up in the plastic wake – is
the central reason for tearing being stable. And note that this situation is possible only
because of the irreversibility of plasticity. So it is really irreversibility - which is
synonymous with the material absorbing energy - that permits tearing to be stable (a
point rarely mentioned).
Qu.:

Is tearing always stable?

No.
The above scenario does not apply for unlimited amounts of tearing. Eventually the
tearing becomes unstable – and fast catastrophic failure ensues.
The limit of tearing stability results in just as nasty a failure as brittle fracture.

Qu.:

When does tearing become unstable?

Eventually, because the crack length is increasing, the energy release rate (J) will get
big enough to supply the energy requirements of both the plastic wake and the plastic
bow wave….bang!
But there are other methods within R6 for assessing tearing and finding the limit of
tearing stability (below).
Qu.:

Have we now got three failure criteria: K mat , G mat and J init ?

No, they should all be equivalent. Recall that G and J are really the same quantity by
another name, and by “ K mat ” we mean K mat =

EJ init

. (The latter assumes plane

1 −ν 2

strain. This is implicit in the case of validity, i.e., full constraint). The conventional
measure of toughness is K mat , but often the value of J init is quoted instead, the latter
relationship being implicit.
Qu.:

What is the R6 “Failure Assessment Diagram” (FAD)?

The failure assessment diagram is a means of implementing the ‘failure’ criterion
J = J init as an engineering procedure. The FAD can be regarded as a graph which
gives you an estimate of J for a given load.
Qu.:

How is the FAD constructed?

Suppose we have some means of calculating J for any given load, P, on our structure,
e.g., by FEA. We can express the result as a graph of J versus P. We can then read
off the load at which tearing initiates, Pinit , as the load when J = J init . This is
essentially an R6 Option 3 analysis.
But we may also be interested to know at what elastically calculated value of K our

(

)

structure ‘fails’. This is given by K = EJ el / 1 − ν 2 , where J el is the elastic value of
J at load P. And it may be convenient to normalise this elastic SIF by the toughness,
K mat , to express it as K r = K / K mat . But K mat =

EJ init
1 −ν

2

, so we have K r =

J el
.
J init

But, because we are referring to the load at which tearing initiates, we have J = J init ,
so we can write K r =

J el
, where J is the elastic-plastic value of J at the same load,
J

Pinit , at which J el is evaluated.

We can now place one point on a graph of K r =

J el
versus Pinit . But we can
J

notionally consider the material to have any toughness we like. So, as long as J and
J el are evaluated at the same load, P, we can generate a locus of K r versus P, all
points of which correspond to the initiation of tearing – but for different toughnesses.
This may seem an unduly laborious description of how an FAD is derived. However,
note that the derivation of the FAD is a purely analytical affair, i.e., it can be done
using FEA without reference to any level of toughness. This can seem paradoxical
because, in applications, K r is interpreted as K r = K / K mat , and hence requires the

toughness. The reason that this is possible lies in the assumed ‘failure’ criterion, i.e.,
that J = J init .
The final step in the construction of an FAD is to normalise the load axis by the load
required to produce generally yield – that is the “collapse” load, P0.2 , referenced to a
perfectly plastic material with yield strength equal to the material’s 0.2% proof
strength. Defining Lr = P / P0.2 , we thus arrive at a plot of K r versus Lr which is the
FAD.
Qu.:

What is the FAD good for?

By construction, the FAD corresponds to the initiation of stable tearing (or fast
fracture if the material is brittle or tearing instability is reached). Points below the
FAD are therefore safe.
If we know the shape of the FAD, then the only ingredients we need to carry out an
assessment are,
•

The elastic SIF;

•

The collapse solution;

•

The toughness and 0.2% proof strength (and perhaps the UTS).

So…
An R6 FAD is a means of applying the J-based ‘failure’ criterion J = J init without
having to explicitly calculate J. The FAD itself is implicitly a J estimation procedure
based on the above ingredients.
So the benefit is that we do not need an explicit elastic-plastic evaluation of J.
Qu.:

What is the R6 Option 1 FAD?

The utility of the R6 approach lies in the fact that the FAD is not greatly sensitive to
loading, geometry or material. Consequently it is possible to define a universal FAD –
referred to as Option 1 - which can conservatively be applied in any situation. This
universal FAD was derived originally by plotting the FAD for a wide range of
geometries, loadings and materials, and adopting a curve which is towards the lower
bound of the spread of results.
It is important to realise that the use of the universal (Option 1) FAD is equivalent to
the assumption that all materials have the same stress-strain curve when normalised
by their 0.2% values. The variation in such normalised stress-strain curves between
materials gives a ready indication of the degree of approximation inherent in the use
of the Option 1 FAD.

R6 Option 1 FAD

Qu.:

Why is the 0.2% proof strength used to define Lr in R6?

It is almost true to say that this is just convention – but not quite. The proof strength
chosen to define Lr has a bearing on how closely the Option 1 FAD represents all
materials. For most structural steels the use of the 0.2% proof strength has been found
to provide the least variation in the FAD between materials.
However, it is worth noting that some classes of materials can be better represented
by other normalising strengths. For example, CMn steels display less scatter in the
position of the FAD if the flow stress is used to define the normalised load axis. In
earlier revisions of R6 this was recognised in a CMn specific FAD which used
S r = P / P f to define the x-axis, rather than Lr, where P f was defined with respect to
the flow stress σ f = (σ 0.2 + UTS ) / 2 . Of course, this FAD has a different shape from
that based on Lr. These days, if you think your material (e.g., a carbon steel) has a
stress-strain curve which will cause it to deviate significantly from the Option 1 FAD
then the recommendation is to use an Option 2 FAD…

Qu.:

What is an R6 Option 2 FAD?

There is a method for estimating J based on the reference stress and the stress-strain
curve. This is discussed in a later session. It permits an FAD to be derived, as
described above, based on the specific material stress-strain curve. This is R6 Option
2.
There are a couple of variants of Option 2 which you can use if you do not have the
full stress-strain curve, but the idea is the same.
Qu.

…and Option 3?

Option 3 just means evaluation of J, almost certainly by finite element analysis. You
may then wish to plot the results in the form of a geometry, load and material specific
FAD – but you really don’t need to in most cases.
Qu.:

How is a stable tearing assessment carried out?

In a stable tearing assessment, the length of tearing is allowed to proceed beyond the
nominal “initiation” value (probably 0.2mm). This requires some means of
quantifying how the structure resists unstable crack extension. The standard approach,
as given in R6, is described below. But note that although this is a perfectly good
assessment procedure, it rather misleads as regards what is going on physically. A
physically more reasonable description of stable tearing is the subject of a later
session.
The standard approach uses the concept of a J-resistance curve. This is the idea that
the effective toughness increases as the tear length increases. Thus the effective
toughness might be described by (say) J ∆a = J 0.2 + µ (∆a − 0.2 ) , where ∆a is the tear
length in mm, and µ is a material constant, the tearing modulus, which measures how
rapidly the toughness increases with tear length.
A stable tearing assessment can only be carried out if initiation is predicted under the
assessed loading condition. Providing this is the case, a stable tearing assessment
essentially consists of attempting to find a tear length, ∆a , which is a solution to,
J (P, a + ∆a ) = J ∆a

(3)

The LHS of Equ.(3) is the value of J under the required loading condition (P) and
with the crack size (a) increased by the tear length. The RHS of Equ.(3) is the value
of the enhanced toughness at the same tear length.
If a solution to Equ.(3) for ∆a exists, then this is the tear length which will arise
under this loading, and the torn crack is stable.
If a solution to Equ.(3) for ∆a does not exist, then the applied load results in tearing
instability and catastrophic fast fracture.
Although this is mathematically correct, this is not the way in which a stable tearing
assessment is generally carried out. There is another way using the FAD (below).

Qu.:

How much tearing can be claimed?

In practice, it would not be valid to claim a very large tear length, even if this obeyed
Equ.(3). This is because the validity limits of the toughness tests from which the Jresistance curve was derived would be violated beyond a certain amount of tearing
(∆a max ) . Commonly the maximum valid tear length is around 0.8mm to 1.4mm for
data obtained on standard specimens and for materials we commonly assess. The
testing standards impose an upper limit on the valid tear length, typically 10% of the
remaining ligament. However, the value of ∆a max is most often defined by the
associated value of J after tearing reaches the valid limit, e.g., J max = Lσ f / N .
If the tearing analysis implies that the assessed load would require a tear length in
excess of ∆a max , then the assessment would not be able to validly confirm stability,
i.e., the structure would fail the assessment.
Qu.:

How is a tearing analysis done in R6 Options 1 or 2?

The above description of a tearing analysis requires an evaluation of J, i.e., an Option
3 assessment. In Options 1 or 2, where the FAD is being used in lieu of an explicit
evaluation of J, there is a useful graphical construction.
Firstly the assessment point is plotted for the full load, and assuming initiation
toughness. This point lies outside the FAD if tearing is to occur. The assessment is
then repeated for a small tear length, increasing the crack length and increasing the
toughness accordingly in the calculation of both Kr and Lr. This will lead to a new
assessment point which is below and to the right of the initial point.
This process is repeated for a number of small increments of tearing, each producing
an assessment point which is below and to the right of the last. If the resulting locus of
points enters the FAD before a tear length of ∆a max is required, then a stable tearing
assessment has been achieved. The actual predicted tear length is just that when the
assessment locus reaches the FAD.
If a tear length of ∆a max is not sufficient to reach the FAD, then a valid stable tearing
case cannot be made, and the structure fails the assessment.
If the locus of assessment points is veering to the right sufficiently that it is clearly
turning away from the FAD, so that no amount of tearing would ever result in it
reaching the FAD, then tearing is unstable. In this case, the structure does not merely
fail the assessment, a definite prediction of failure is made (subject to the usual
conservatisms).
The largest load for a given crack (or the largest crack for a given load) which just
results in tearing stability can be found by the above construction when the locus of
assessment points is tangential to the FAD. However this is valid only if the point of
tangency in achieved with no more than a length ∆a max of tearing. Otherwise the
limiting stable condition is defined by a tear length of ∆a max just reaching the FAD.
Qu.:

How can an R6 assessment be used to find a reserve factor on load?

Illustrate by example…graphical construction useful when there are primary loads
only, and no stable tearing. Otherwise, iterate!

Tabulated HRR Parameters (after Shih, 1983)

There follows the stress and strain angular functions for the case n = 5

