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1. Recognising Entangled Pure States 

The concept of entanglement applies only to systems which can be considered as 
consisting of two or more parts. Here we shall consider only two-part (bipartite) systems. 

One of the defining features of quantum mechanics is the possibility of forming new pure 
states as superpositions of state vectors. This feature gives rise to the wavelike properties 
of quantum mechanics, such as interference effects. But the weirdest things happen when 
superposing multipartite states. Consider bipartite states formed from the direct (tensor) 
product of two Hilbert spaces, HA 

 

HB. This should not be misunderstood to consist 
only of states of the form BA . The product space can be spanned by states of this 

form, but the general product space vector is not a product of vectors. Rather it is 

ji
BjAiija

,

, where aij are complex numbers with suitable normalisation. For 

example 2/2211 BABA
 cannot be expressed as the direct product of an A-

state and a B-state. In contrast 2/12212211 BABABABA

 

is 

a product state, namely 2/2121 BBAA
.  

A state like 2/2211 BABA
 has the peculiar property that there is no 

measurement on part A which can result in a determinate outcome. (This can be seen by 
forming the density matrix and then tracing-out part B, the result being a mixed state for 
part A). The same is true for part B. And yet the combined state is a pure state. So we 
have all the information it is possible to have about the combined state but, nevertheless, 
there is no measurement on part A alone which has a predictable outcome. As we saw in 
Chapter 14, this leads to the non-classical result that the entropy of part A, considered as 
a sub-system, is 1, as is that of part B, but the combined state has zero entropy. The 
entropy of the combined state is less than that of either of its components, an impossible 
situation classically. This fact is intimately connected with the EPR paradox and similar 
instances of quantum weirdness.  

This behaviour does not occur for the product state 2/2121 BBAA
, 

since a change of basis means this can be written simply BA . Hence there are 

measurements on the sub-systems A and B which have deterministic outcomes, and both 
the sub-systems and the combined state have zero entropy. 

In contrast, states like 2/2211 BABA

 

are said to be entangled : they 

cannot be separated into a direct product of states of each part.  



It is worth considering how this appears in terms of the density matrix. Recall that the 
reduced density matrix, which describes part A alone, is defined by summing the 
expectation values of the density matrix over all states of part B, thus,     

TrBiB
i

iBA    (1) 

where  is the density matrix for the combined state. This is also referred to as tracing 

out the B-states. The state 2/2121 BBAA

 

results in a reduced density 

matrix for the A subspace of AAAAAA
2/2121 . This confirms 

that such a product state corresponds to a pure state when reduced to a one-particle state 
by tracing out (i.e. averaging over) the other particle. Let us pause to consider what the 
last step, the change of basis, looks like in matrix notation. The density operator 

2/2121 AAAA
 in matrix notation and in the 

Ai  basis is,     

11

11

2

1
A

     

(2) 

But we have claimed that (2) is a pure state. How would we know if we were given the 
density matrix alone? It does not look obviously like a pure state. There are (at least) 
three ways to find out. The simplest method, which also remains simple when dealing 
with larger matrices, is the squared-trace test. The trace of the squared density matrix is 
unity if and only if it is a pure state. This is easily established by recalling that any 
density matrix can be diagonalised by a unitary transformation by virtue if its being 

Hermetian, UUdiag  with diagonal elements ip . Hence, 

i
idiag pTrUUUUTrUUUUTrTr 222

 

(3) 

But since 
i

ip 1  for any density matrix (i.e., it is normalised), and because the 

probabilities obey 10 ip , it follows that 
i

ip2  will be less than unity whenever more 

than one of the probabilities is non-zero, and can be unity only if just one of the 
probabilities is 1 and the rest zero, i.e., a pure state. Squaring (2) shows that the trace is 
indeed unity and hence (2) represents a pure state. The second method for establishing 

this is to find the eigenvalues of (2) by solving the secular equation 0
11

11

2

1

p

p
. 

This gives the eigenvalues, which are just the diagonal elements of UUdiag , to be 0 

and 1, again confirming that (2) is a pure state. The final method is to find explicitly the 
unitary matrix U  which diagonalises the density matrix, i.e., the matrix composed of its 

normalised eigenvectors. In this example it is 
11

11

2

1
 which gives, 
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(4) 



which again confirms the previous conclusion. The morale of the story is, do not take a 
casual glance at a filled density matrix like (2) and conclude erroneously that it is a 
mixed state.   

Now let us look at the state 2/2211 BABA
. This gives a reduced density 

matrix, 2/2211 AAAA . This is a mixed state. This is obvious because, in 

matrix notation, and in the 
Ai  basis, it is,     

10

01

2

1
A

     

(5) 

It is already diagonal with more than one non-zero element, so it is a mixed state. For 
good measure perform the squared-trace test: 15.02

ATr  so it is a mixed state. 
Moreover it has the maximum entropy for a two-state system, i.e. 1. This confirms that, if 
we interpret these as spin states, no spin measurement, wrt any axis, will produce 
deterministic outcomes. And yet this arises from a pure state simply by averaging over 
the other particle state.  

What we have concluded so far, for pure bipartite states, is, 

 

Entangled states are defined as multipartite states which are not a direct product of 
states of the parts; 

 

On tracing-out one part, a bipartite product state becomes a pure state of the other 
part; 

 

On tracing-out one part, an entangled bipartite state becomes a mixed state of the 
other part. 

Since pure product states give rise to pure states when one part is traced out, it follows 
that the von Neumann entropy of the composite state and the reduced state are both zero 
(see Chapter 14). In contrast, an entangled pure state gives rise to a mixture when one 
part is traced out. Hence, whilst the entropy of the composite state is zero, the entropy of 
the reduced state is non-zero. The signature of entanglement in a pure state is therefore 
that, 

Entangled pure state:  0SS0S BvNAvNABvN

  

(6) 

In fact, for pure bipartite states, the von Neumann entropy of the reduced state defines the 
degree of entanglement of the bipartite state, noting that it does not matter which sub-
system is traced out. Hence, the entanglement of a pure state is defined as, 

BvNAvNAB SSE , where, ABBA Tr  and ABAB Tr

  

(7) 

2. The Most General Maximally Entangled Pure Two-Qubit State 

The simplest bipartite system consists of a pair of two-state parts. A two-state system (or 
qubit) has a maximum entropy of unity. Consequently a bipartite state of two qubits is 
maximally entangled if its entanglement is 1. Examples of maximally entangled states of 
two qubits are the Bell states defined as, 



 
2/1100

 
and 2/0110

  
(8) 

It is also convenient to introduce the so-called e-basis defined by,  

1e  , ie2 , ie3 , 4e   (9) 

The reduced density matrix for all the bipartite states (8) and (9) is 
2/10

02/1
, 

confirming they have the maximal entanglement, i.e., 1. But what is the most general 
pure state of two qubits with the maximum entanglement of unity? It is simple to prove 
that this is any superposition of the e-basis states with real coefficients,      

4

1i
iiAB e

     

(10) 

where the four coefficients i  are real, and hence required to obey 1
4

1

2

i
i .  

3. The Generic Pure Bipartite State Is Entangled 

If we choose a state at random, how likely is it to be entangled? The answer depends 
crucially upon whether we mean a randomly chosen pure state or a random mixture. We 
will deal with mixed bipartite states later. If a pure state is chosen at random from a 
Hilbert space describing a bipartite system, then it is essentially certain to be entangled. 
To be more precise, essentially certain means that the product states form a set of 
measure zero in the Hilbert space. It is not hard to show this, as follows. 

Consider initially a pair of qubits. The most general product state of two qubits can be 
written 1010 , where , , ,  are arbitrary complex numbers apart from 

having to obey 1
22 and 1

22 . Consequently there are six continuum 

degrees of freedom involved in the choice of a random pair of qubits: four phase angles 
and two magnitudes. The most general state in the 2 x 2 tensor product Hilbert space is, 

11011000 dcba

    

(11) 

This is required to respect only the one constraint: 1
2222

dcba . Hence, there 

are seven continuum degrees of freedom involved in choosing a random state from the  

2 x 2 product space of two qubits. It is clear, therefore, that it would be a fluke if a 
randomly chosen state happened to be a product state (since it would require a randomly 
chosen point in a 7-dimensional space to lie on a 6-dimensional sub-space). Specifically, 
the random a, b, c, d would have to be such that dcba and  , , . It is 
easily seen that this can be true only if 0bcad . Choosing a, b, c and d at random, 

subject only to 1
2222

dcba , this relation will almost never be exactly 

obeyed. Hence, essentially all 2 x 2 pure bipartite states are entangled to some degree.  

Does this generalise to a Hilbert space of arbitrary dimension? Yes it does. Suppose the 
dimensionality is D1 x D2. Consider the general product state. The number of phases is  



D1 + D2. The number of magnitudes is D1 + D2  2, because of the two constraint 
equations. Hence, the total number of degrees of freedom in defining an arbitrary product 
state is 2(D1 + D2  1). Now consider the most general state from the product space. 
There are D1D2 terms, and hence 2D1D2  1 degrees of freedom, because of the one 
constraint equation. But it is clear than 2D1D2  1 > 2(D1 + D2  1) for D1 and D2 both 

2. Hence, essentially all randomly chosen pure bipartite states, of any dimensionality, 
are entangled. 

The morale of this story is that the natural state of pure quantum states of bipartite 
systems is to be entangled. We shall see in §8 that the situation is very different for mixed 
states.  

4. Defining Entangled Mixed States 

A clear definition of whether a mixed state is entangled is possible and the definition is 
stated in this section. However we shall see that determining whether a given density 
matrix is entangled is in general a hard problem [in fact it is NP-Hard, Gurvits (2003)].  

What do we mean by an entangled mixture? The most obvious definition is that an 
entangled mixture is a mixture of pure states at least one of which is entangled. However 
this will not do at all. The reason is that it is possible for entanglement to effectively 
cancel out between two entangled pure states which contribute to a mixture. A simple 

example is to consider a 50/50 mixture of the two maximally entangled Bell states, 
2/1100 and 2/1100 . The density matrix of this mixture is,  

11110000
2

1
   

1100110011001100
4

1

             (12) 

The entangled parts (i.e., the cross-products) have cancelled between the two 
contributing states. Hence, this mixture is, in fact, separable: it has no entanglement. This 
is unambiguous because this state is clearly a mixture of pure unentangled (product) 
states.   

Hence, the correct definition must recognise that a non-entangled mixture (called a 
separable state ) can be expressed as a mixture of pure product states, even though it 

might also be expressible as a mixture of entangled pure states. The most general pure 
product state is 

BA
, and hence the most general separable mixture can be written 

BiAiBiAi
i

iAB p . The states 
BiAi

 

and  are any pure states of the A 

and B sub-systems, labelled by some index i, and need not be orthogonal. Also there can 
be an arbitrary number of them in the sum, subject only to 1

i
ip . Since we can write 

AiAiAi  for each contributing sub-system, A, state, it follows that a separable 

mixture can equivalently be defined by the existence of a decomposition of the density 
matrix as a sum over direct products of reduced density matrices, i.e., 

Separable State:   BiAi
i

iAB p

     

(13) 



(13) defines a separable mixture. Conversely, an entangled mixture is any mixed state 
which cannot be cast into this form. Recall that the range of the index i is arbitrary (i.e., it 
is not related to the number of orthogonal states). Note that this definition of 
entanglement versus separability is consistent with that for pure states.   

The state (12) is recognised as separable by the criterion (13). Another example is a 50/50 
mixture of the Bell states, 2/11001  and 2/01102 . It is less 

obvious that this is separable because there are no cancellations in this case. However, 
writing single particle density matrices as,   

1100
2

1
1

 

and 0110
2

1
2

   

(14) 

it is readily seen that a 50/50 mixture of the above two Bell states can be written as,   

B2A2B1A12211 2

1

2

1

2

1

2

1

  

(15) 

Hence this state is also separable according to the criterion (13), despite being again 
composed of a mixture of two entangled pure states.  

The general definition of an entangled state applicable to both pure and mixed states is 
that the density matrix is not separable, i.e., 

Entangled State:   BiAi
i

iAB p

     

(16) 

In terms of some bases 
A

I  and 
B

J  for the parts, the most general bipartite density 

matrix is 
BA

LKJI
BAKLJI LKJIC

,,,  

 with appropriate constraints on the coefficients 

KLJIC   to ensure that the matrix is Hermetian and that the trace is unity. If we write 

arbitrary pure states of the A and B parts as 
AkIk Ia and 

BkJk Jb then 

the most general separable density matrix is 
BA

kLKJI
BAkLkJkKkIk LKJIbbaap

,,,,

** . 

Hence, the problem of determining whether a given density matrix (i.e., a given set of 
coefficients KLJIC  ) is separable is equivalent to deciding if these coefficients can be 

written in the form 
k

kLkJkKkIkKLJI bbaapC **  . If such coefficients akI, bkJ and pk exist, 

suitably normalised, then the mixture is separable. If it seems like a tricky problem to 
determine whether such akI, bkJ and pk exist, that s because it is in general. However, in 
the case of a pair of qubits the problem is fully solved, and the algorithm for determining 
the entanglement is given below. Firstly, though, we remark on an obvious hypothesis 
which fails.  

5. Entropy Does Not Identify Entanglement for Mixed States 

In view of the definition, (7), of the entanglement of a pure state it is reasonable to 
explore whether the entanglement of a mixed state can also be linked to the von 
Neumann entropy of the reduced states. We need to be mindful, though, that for mixed 



states we will have in general BvNAvN SS . We might guess that entangled states 
align with those states whose entropy has the non-classical property of being less than 
that of its parts. Classically the Shannon entropy obeys B

Shannon
A
Shannon

AB
Shannon S,SMAXS . 

But we already know from Chapter 14 that some quantum states violate this inequality, 

the true lower bound entropy of a bipartite state being B
vN

A
vN SS . One might guess, 

therefore, that the signature of entanglement in a general mixed state might be that, 

Sufficient for entanglement: BvNAvNABvN S,SMAXS

   

(17) 

Would it were that simple! It is not. The condition (17) is indeed a sufficient condition to 
ensure that the composite state is entangled. But it is not necessary. Entangled states exist 
which violate this inequality. But we know from Chapter 14 that the equality in 
subadditivity is achieved only for separable (or product) states, so that, 

Sufficient for separability: B
vN

A
vN

AB
vN SSS

     

(18) 

The range of entropies for which the bipartite state might be entangled is thus,     

B
vN

A
vN

AB
vN

B
vN

A
vN SSSSS

    

(19) 

Whilst the range of entropies for which the bipartite state is definitely entangled is,     

]S,S[MAXSSS B
vN

A
vN

AB
vN

B
vN

A
vN

   

(20) 

The probability of a state being entangled therefore appears to increase as its entropy 

decreases, being zero when B
vN

A
vN

AB
vN SSS  and unity when ],[ B

vN
A
vN

AB
vN SSMAXS 

for any infinitesimal . Moreover it seems likely that the degree of entanglement will 
become successively larger as states are considered with reducing entropies below 

],[ B
vN

A
vN SSMAX , perhaps reaching maximum entanglement when  B

vN
A
vN

AB
vN SSS . 

However this is not established. 

Another abortive route to quantifying mixed state entanglement is as follows. Any mixed 
state can be expressed as a mixture of pure states. So any density matrix can be written as 

i
iiip  where the sum might extend over an arbitrary number of states, which 

need not be orthogonal. Since we have a definition of the entanglement of pure states in 
the form of (7), a natural definition of the entanglement of  might be thought to be,  

Inadequate definition:  Entanglement 
i

iii Ep

   

(21) 

where the entanglement of a pure bipartite state, iiE , is defined as the von 

Neumann entropy of the reduced density matrix, iiAvNii TrSE , noting 

that it does not matter which sub-system, A or B, is chosen. For a pure state, the above 
definition of entanglement reduces to (7), as required. So what is wrong with (21)? What 
is wrong with it is that the decomposition of a density matrix into pure 
states,

i
iiip , is not unique. Consequently (21) is ambiguous. It does not 



provide a unique value for the entanglement. It should be emphasised that this 
shortcoming is fatal, not merely a slight inaccuracy. We have already seen in §4 that a 
separable mixed density matrix can be expressed as a mixture of maximally entangled 
pure states, e.g., (12) and (15). So, with this decomposition, (21) would imply maximal 
entanglement when the correct answer is zero entanglement. However we shall see how a 
valid definition of entanglement can be derived from (21) with a slight but crucial 
modification in the next section. 

6. The Entanglement of Formation and Distillation 

An alternative approach is to define entanglement operationally, appealing to how 
entangled states can be used as a resource to perform experimental procedures. This is 
generally couched in terms of a communication or cryptographic situation. Entanglement 
of Formation (EoF) can be defined as the number of 2-qubit Bell states needed on 
average to prepare the state in question, . The Bell states are being used here as a 
yardstick for entanglement, very reasonably because they have unit entanglement. The 
same approach can be used to define Entanglement of Distillation (EoD) as the reverse 
process: the number of Bell states which can be produced using the states  as the 
feedstock. In the case of pure bipartite states, EoF and EoD can be shown to be the same 
and also to be the same as the von Neumann entropy of the reduced density matrix, i.e., 
they agree with the definition (7) of the entanglement of pure states. 

In the case of a general mixed state, it is believed, but not proved, that the EoF equals,     

EoF 
i

iiip EpMIN
ii ,   

(22) 

The crucial difference between (22) and the inadequate (21) is that in (22) it is necessary 
to find the minimum of (21) wrt any possible decomposition of the density matrix, i.e., 
any iip ,  for which 

i
iiip .  

In many numerical investigations (22) is taken as the definition of EoF despite the link 
with the operational definition of EoF not having been definitively proved. It is a good 
measure of entanglement and would most probably be adopted widely if it were not for 
one major drawback: it is very difficult to evaluate in the general case. The reason is that 
it is necessary to perform a non-linear optimisation to ensure the minimum wrt all 
possible decompositions has been found. This rapidly becomes computational intensive 
as the dimension of the Hilbert space increases, and, moreover, it can be problematical to 
confirm that the absolute minimum has been found. Nevertheless standard non-linear 
optimisation techniques such as the method of conjugate gradients can be successful in 
finding the EoF in favourable circumstances. Bradford (2009) succeeded in solving the 
optimisation problem for a bipartite density matrix of dimension 361 on a standard 
domestic PC (of 2008 vintage). 

In the special case of a system comprising a pair of qubits, however, the problem of 
evaluating the EoF is fully solved in closed form. 

7. The Wooters Algorithm for Finding the General Two-Qubit EoF 

In 1996 Peres devised a criterion which he showed to be a sufficient condition to ensure 
that a mixture is entangled. The density matrix for a bipartite state can be written 



BA
LKJI

BAKLJI LKJI
,,,  

in terms of orthonormal bases of its constituent parts. 

Peres considered the matrix formed by partial transposition , i.e. by transposing only the 
indices of the A sub-system but not the B subsystem. This defines a matrix 

ILJKLKJI     . The criterion which Peres derived is that if the original state is 
separable, the partially transposed matrix must necessarily have only non-negative 
eigenvalues. Hence, the existence of one or more negative eigenvalues of the partially 
transposed matrix is sufficient to imply that the original state  is entangled.  

It was then shown by Horodecki et al (1996) that the Peres criterion is also a necessary 
condition for a mixture to be entangled in the special case of systems of two qubits, and 
also for systems comprising a qubit and a three-state sub-system. The Peres criterion 
therefore provides a simple effective decision algorithm for entanglement for 2 x 2 and   
2 x 3 bipartite Hilbert spaces. Lamentably, Horodecki et al (1996) also showed that the 
Peres criterion is not necessary for Hilbert spaces of larger dimensions.  

Furthermore, Wootters (1998) has provided a simple algorithm for calculating the 
entanglement of formation for arbitrary mixed two qubit states. Since two qubit states are 
so important, and because this is the only known closed form solution for EoF, the 
procedure is given in full below. 

For 2 x 2 Hilbert space: 2C11
2

1
gEoF    (23a) 

where,    )x1(log)x1(xlogx)x(g 22

   

(23b) 

and where C is the Concurrence defined by,     

,0MAXC     (23c) 

where,    4321

    

(23d) 

and the i  are the eigenvalues, in descending order, of the matrix,     

yy
*

yy

    

(23e) 

where yy  is the direct product of the y-component Pauli matrices, i.e.,     

0001

0010

0100

1000

yy   (23f) 

The square of the concurrence is sometimes called the tangle . The EoF, the 
concurrence, and the tangle are all measures of entanglement in that they range from 0 for 
separable states to 1 for maximally entangled states. Wootters (1998) also gives an 
algorithm for explicitly constructing a decomposition of the bipartite density matrix, 



ii p, , which gives the minimal value for 
i

iiiEp . Again this is for the 2 x 2 

Hilbert space only.  

8. The Entanglement of Random Mixed States 

We saw in §3 that almost all randomly chosen pure bipartite states are entangled. In this 
section we shall find that the situation is quite the reverse for randomly chosen mixed 
states in the limit that many states contribute to the mixture. If a very large number of 
pure states are chosen at random and combined with random probabilities to form a 
mixture, then the resulting mixture will be separable (i.e., not entangled) in almost all 
cases. This can be established algebraically as follows. 

Consider a set of arbitrary pure states of a bipartite system, i , where i runs from 1 to 

some arbitrary number of contributing states in the mixture, SN . Each state can be written 

as kjC
DD

kj
ijki

2,1

,

, where D1 and D2 are the dimensions of the sub-system Hilbert 

spaces. If these states contribute to a mixture with respective probabilities ip , the mixed 
state is,    

nmkjCCp imnijk
nmkji
i

*

,,,,

    

(24) 

where i runs from 1 to SN , and j and m run from 1 to D1, and k and n from 1 to D2. This 
can be simplified as,  

nmkjD
nmkj

jkmn
,,,

 

where, *
imnijk

i
ijkmn CCpD

   

(25) 

The coefficients ijkC are arbitrary except for the requirement that 1
2

,kj
ijkC , for each 

value of i. The probabilities, ip , are also arbitrary except for requiring that 
i

ip 1 and 

of course 10 ip . Consequently, for given values of  j, k, m and n, the two numbers 

ijkC and *
imnC  , if they are chosen at random, will be uncorrelated over i, except when        

j = m and k = n. Consequently, provided that there are enough randomly chosen terms in 
the sum over i, it is to be expected that, 

knjmimnijk
i

ijkmnN CCpDLIM
S

*   (26) 

Of course, this is only true in the sense of being an expectation value. For any finite sum, 
the value of jkmnD will be non-zero even for mj  and nk . But its typical magnitude 

for mj  and nk  is expected to reduce as the number of states contributing to the 

mixture increases (proportional to SN/1 ). Substituting (26) into (25) shows that the 

mixture is expected to tend to become separable, i.e.,  



   
kjkjCp ijk

kji
i

2

,,

     
(27) 

This prediction has been explored numerically for the case of random mixtures of two-
qubit states. A specified number, SN , of two-qubit pure states were generated randomly 
and then combined with randomly chosen probabilities into a mixture. For each value of 

SN considered, a large number of trials were run, typically the order of thousands. For 
each trial the von Neumann entropy of the mixture and its reduced density matrices were 
found, as was the entanglement of formation (EoF) using the Wootters algorithm of §7. A 
variant definition of the von Neumann entropy has been used for the two-qubit states in 
which the dimension of the Hilbert space in question is used as the base of the logarithm, 
which means that the maximum entropy of 2 has been renormalised to unity. With this 
definition, the sub-additivity inequality becomes 2/SSS B

vN
A
vN

AB
vN . We have plotted 

the outcomes of our trials as the average of the reduced state vN entropies, 
2/SSS B

vN
A
vN

av
vN , against the combined state vN entropy, AB

vNS . All the data 

necessarily lie, therefore, above the line of equality. 

Figures 1 to 7 below show these plots, for SN  = 2, 3, 4, 5, 6, 7 and 10 respectively. The 
Figures are colour coded to distinguish, (a)the separable states (deep blue), and, 
(b)entangled states, with varying magnitudes of the entanglement of formation  (EoF). 
Five ranges of EoF are distinguished, from 0 to 0.2 (green) to 0.8 to 1 (mustard). 

There are no separable states for 2SN (Figure 1). However a small percentage of 
separable states arises for 3SN  and the bulk of entangled states have EoF less than 0.4. 
As SN is increased further the proportion of separable states increases and states with 
large EoF become increasingly scarce. By 10SN most states (about 85%) are separable 
and the few that are not have only small EoF. By 15SN about 98% of states were found 
to be separable. 
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Figure 2 NS = 3 
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Figure 3 NS = 4 
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Figure 4 NS = 5 
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Figure 5 NS = 6 
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Figure 6 NS = 7 
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Figure 7 NS = 10 
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