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a b s t r a c t

The complete shakedown and ratcheting solution is derived analytically for a flat plate subject to unequal
biaxial primary membrane stresses and a cyclic secondary bending stress in one in-plane direction (x).
The Tresca yield condition and elastic-perfectly plastic behaviour are assumed. It is shown that the re-
sults can be expressed in the form of a “universal” ratchet diagram applicable for all magnitudes of
orthogonal load. For sufficiently large cyclic bending stresses, tensile ratcheting can occur in the x di-
rection if the x direction primary membrane stress exceeds half that in the orthogonal direction.
Conversely, for sufficiently large cyclic bending stresses ratcheting in the x direction will be compressive
if the x direction primary membrane stress is less than half that in the orthogonal direction. When the x
direction primary membrane stress is exactly half that in the orthogonal direction ratcheting cannot
occur however large the cyclic secondary bending stress.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Structural ratcheting is the phenomenon inwhich cyclic loading
results in irrecoverable structural deformation which increases on
each cycle. Two or more types of loading are generally required to
result in structural ratcheting, at least one of which must be cycling
and at least one of which must be primary. The “ratchet boundary”
is the boundary of the region in load space above which ratcheting
will occur. The “shakedown boundary” is the boundary of the re-
gion in load space below which shakedown to elastic cycling will
occur. Analytic solutions for the ratchet and shakedown boundaries
can be derived only for sufficiently simple problems. The archetype
for all such solutions is that of Bree, Ref. [1]. Bree's analytic solution
addresses uniaxial loading of a rectangular cross section, the
loading consisting of a constant primary membrane stress and a
secondary bending load which cycles between zero and some
maximum. The problem is rendered analytically tractable by
assuming elastic-perfectly plastic behaviour. When normalised by
the yield stress, the primary membrane stress is denoted X whilst
the normalised secondary elastic outer fibre bending stress range is
denoted Y. The ratchet and shakedown boundaries are thus curves
on an X,Y plot.
Whilst only sufficiently simple problems can be solved analyt-
ically, the analytical treatment of shakedown/ratcheting problems
is undergoing something of a revival at present, in acknowledge-
ment of the fact that there are a number of simple problems which
are tractable but for which the solutions have not been presented in
the literature. For example, variants on the Bree problem have been
solved, including the case when the primary membrane load also
cycles, either strictly in-phase or strictly out-of-phase with the
secondary bending load, Refs. [2e4], and also the Bree problem
with different yield stresses at the two ends of the load cycle,
Ref. [5]. These analyses used the same approach as Bree's original
analysis, Ref. [1]. However, alternative, “non-cycling”, methods for
analytical ratchet boundary determination are also emerging, e.g.,
Refs. [6,7].

This paper presents the complete solution of the Bree problem
when an extra primary membrane load acts perpendicularly to the
main loading. The detailed definition and formulation of the
problem is presented in x2. In x3 the solution method is described,
and x4 specifies the distinct stress and strain distributions which
contribute to the solution. x5 presents the solution itself, in terms of
the shakedown and ratchet boundaries, whilst x6 clarifies the
distinct ratcheting regions corresponding to tensile or compressive
ratcheting. Finally, the most salient features are reprised in the
Conclusions, x7.
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Fig. 1. Geometry and loading.
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2. Definition of the problem

The geometry considered is a flat plate in the x,y plane and the
problem to be solved is defined by the following loadings (illus-
trated by Fig. 1).

� A constant primary membrane stress in the x direction (smx);
� A constant primary membrane stress in the y direction (smy);
� A cycling secondary bending load which would cause an elastic
outer fibre bending stress in the x direction of sb.

The loading is therefore biaxial. The original Bree problem is
regained when the orthogonal stress is zero, smy¼ 0. (In passing we
Fig. 2. Axial stress and axial plast
note that Bree's analysis, Ref. [1], is a simplification of the problem
which actually motivated it, namely a pressurised thin cylinder
with a through-wall thermal gradient. Thus the underlying prob-
lem does have primary membrane loads in both directions, i.e.,
both axial and hoop. However this problem differs from that
considered here in that the cylinder is also subject to cycling sec-
ondary bending stresses in both directions. Here we impose a
cycling secondary bending stress in the x direction only).

The secondary bending stress is envisaged as generated by a
uniform through-wall temperature gradient which cycles between
zero and some maximum and back again. Bending of the plate
about the y axis is restrained so that the temperature gradient
causes an x component of bending stress. However, the plate is free
ic strain versus z (region S2).



Fig. 3. Axial stress and axial plastic strain versus z (region S3).
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to rotate about the x axis and hence there is no y component of
bending stress. The plate is also free to undergo overall (membrane)
expansion or contraction in all coordinate directions (x,y and the
thickness direction, z). Consequently it is possible for ratcheting to
occur either as a membrane ratchet strain in the x direction or as a
membrane ratchet strain in the y direction (or both).

The x directed membrane stress, smx, may be tensile or
compressive, but must lie in the range defined by avoidance of
plastic collapse. The analysis is presented assuming that the
‘orthogonal’ membrane stress is tensile, smy � 0. However this is
simply for ease of presentation and the solution for smy < 0 will be
described in the conclusion.
Fig. 4. Axial stress and axial plast
It will be shown that two distinct types of ratcheting can occur
depending upon the relative magnitudes of smx and smy. For large
smx ratcheting involves tensile ratchet strains in the x direction, but
no ratchet strain in the y direction. However, for large smy and small
smx ratcheting involves tensile ratchet strains in the y direction and
compressive ratchet strains in the x direction.
2.1. Normalised quantities

In terms of the elastic-perfectly plastic yield stress, s0, normal-
ised stress axes are defined by,
ic strain versus z (region S1).



Fig. 5. Axial stress and axial plastic strain versus z (region R4).
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X ¼ smx

s0
and Y ¼ sb

s0
(1)

It is also convenient to define the parameter,

a ¼ 1� ~smy where; ~smy ¼ smy

s0
(2)

Hence the solution will be developed in the form of X,Y ratchet
diagram plots, which will also depend upon the parameter a.
Fig. 6. Axial stress and axial plast
The x stress at any position through the wall thickness, divided
by the yield stress, will be denoted s. This dimensionless quantity
will, in general, vary with the coordinate in the thickness direction,
which is denoted z.

This thickness-direction coordinate has its origin at mid-wall
and is also made dimensionless by normalising by the half-
thickness, so that z varies from �1 on one surface to þ1 on the
other. The thermal bending stress is taken as positive at z ¼ 1 (so
the thermal strain is negative here).
ic strain versus z (region R3).



Fig. 7. Axial stress and axial plastic strain versus z (region R1).
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All strains will be assumed normalised by the yield strain,
ε0 ¼ s0/E. Hence, for example, the thermal strain at position z is�zY
in our normalisation convention. Henceforth we shall refer to
strains normalised in this way simply as “the strain”.
Fig. 8. Axial stress and axial plast
2.2. Formulation of the problem

When the thermal load is acting, the total x strain, ε, is,

Thermal ON ε ¼ s� n~smy þ εp � zY (3)
ic strain versus z (region R2).



Fig. 9. Axial stress and axial plastic strain versus z (region P).
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The sum of the first two terms on the right hand side of (3) is the
elastic x strain, whilst εp is the plastic x strain and the last term is
the thermal strain. When the thermal load is not acting this
becomes,

Thermal OFF ε ¼ s� n~smy þ εp (4)

Following x2.1, note that the stresses in (3) and (4) are dimen-
sionless quantities, and the strains are normalised by the yield
strain. This normalisation is used throughout and will not be reit-
erated further.

Equilibrium with the applied x load requires,
Fig. 10. Axial stress - ela
Equilibrium : X ¼ 1
2

s$dz (5)

Zþ1

�1

Because the primary loads are taken to be non-cycling, Eq. (5)
applies whether the thermal load is acting or not.

The key feature which facilitates the solution is that ε is a
membrane strain, i.e., independent of z. Hence, in Eq. (3) the z
dependence of s þ εp must cancel with that of the thermal
strain, �zY. In Eq. (4), the z dependence of s þ εp must vanish.

Finally, elastic-perfectly plastic behaviour is assumed together
with the Tresca yield criterion. It is assumed that the orthogonal
stress is tensile and does not result in collapse, 0 � ~smy <1. Since
the z stress is zero, the yield criteria are thus,
stic case (region E).



Table 1
Solution for the stress distributions.

Figure Parameters defining the stress distributions

Fig. 2 (S2) a ¼ 1� a� 2X
1þ a

� 1þ a

2Y
b ¼ 1� a� 2X

1þ a
þ 1þ a

2Y
s1 ¼ Y � a

s2 ¼ 1� a

2
� Y

�
1� a� 2X

1þ a

�
s3 ¼ 1� Y

Fig. 3 (S3) a ¼ 1� 2

ffiffiffiffiffiffiffiffiffiffiffiffi
X þ a

Y

r
s1 ¼ Y � a

s2 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YðX þ aÞ

p
� Y � a s3 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YðX þ aÞ

p
� a

Fig. 4 (S1) a ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
1� X
Y

r
� 1 s1 ¼ 1þ Y � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð1� XÞ

p
s2 ¼ 1� Y s3 ¼ 1� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð1� XÞ

p
Fig. 5 (R4) a ¼ 1� a� 2X

1þ a
� 1þ a

2Y
b ¼ 1� a� 2X

1þ a
þ 1þ a

2Y

Fig. 6 (R3) a ¼ 1� 2

ffiffiffiffiffiffiffiffiffiffiffiffi
X þ a

Y

r
s1 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YðX þ aÞ

p
� a

Fig. 7 (R1) a ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
1� X
Y

r
� 1 s1 ¼ 1� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð1� XÞ

p
Fig. 8 (R2) a ¼ 1� a� 2X

1þ a
� 1þ a

2Y
b ¼ 1� a� 2X

1þ a
þ 1þ a

2Y

Fig. 9 (P) a ¼ 1� a� 2X
1þ a

� 1þ a

2Y
b ¼ 1� a� 2X

1þ a
þ 1þ a

2Y

c ¼ �1þ a

Y
d ¼ 1þ a

Y

s1 ¼ 1� a

2
� Y

�
1� a� 2X

1þ a

�

Fig. 10 (E) s1 ¼ X þ Y
2

s2 ¼ X � Y
2
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For s>0 : s ¼ 1 (6a)

For s<0 : s ¼ �a (6b)

3. Solution method

The method follows the traditional approach of Refs. [1e5]. It is
simplest to implement by translating the above algebraic relations
into a geometrical description of the piece-wise linear stress and
plastic strain distributions. The key to this is the requirement that ε
be independent of z. The rules that permit construction of the
distributions are.

1) If the thermal load is acting, then, at all points z,
➢ Either, the slope of the s versus z graph is zero and the slope

of the εp versus z graph is Y,
Table 2
Solution for the region boundaries.

Boundary between X,Y Equation of curve X
0
,Y

0
Equation of curve

Fig. 3/10 Y ¼ aþ X Y
0¼X

0

Fig. 4/10 Y¼1�X Y
0¼1�X

0

Fig. 2/3 Y ¼ ð1þaÞ2
4ðaþXÞ

Y 0 ¼ 1
4X 0

Fig. 2/4 Y ¼ ð1þaÞ2
4ð1�XÞ

Y 0 ¼ 1
4ð1�X0 Þ

Fig. 2/9 Y¼1þa Y
0¼1

Fig. 3/6 Y¼4(aþX) Y
0¼4X

0

Fig. 5/6 Y ¼ ð1þaÞ2
4ðaþXÞ

Y 0 ¼ 1
4X 0

Fig. 5/9 Y ¼ ð1þaÞ2
2ð1�a�2XÞ

Y 0 ¼ 1
2ð1�2X0 Þ

Fig. 4/7 Y¼4(1�X) Y
0¼4(1�X

0
)

Fig. 7/8 Y ¼ ð1þaÞ2
4ð1�XÞ

Y 0 ¼ 1
4ð1�X0 Þ

Fig. 8/9 Y ¼ ð1þaÞ2
2ð2Xþa�1Þ

Y 0 ¼ 1
2ð2X 0�1Þ

Point A X ¼ 1�3a
4 ; Y ¼ 1þ a X0 ¼ 1

4; Y 0 ¼ 1
Point B X ¼ 3�a

4 ; Y ¼ 1þ a X0 ¼ 3
4; Y 0 ¼ 1

Point C X ¼ 1�a
2 ; Y ¼ 1þa

2 X0 ¼ 1
2; Y 0 ¼ 1

2

➢ Or, the slope of the s versus z graph is Yand the slope of the εp
versus z graph is zero.

2) If the thermal load is not acting, then, at all points z,
➢ Either, the slope of the s versus z graph is zero and the slope

of the εp versus z graph is also zero,
➢ Or, the slope of the s versus z graph is�Y and the slope of the

εp versus z graph is Y.
3) If the stress is in the elastic range, �a<s<1, then the plastic

strain,εp, is unchanged from its value on the last half-cycle.
4. The possible stress and strain distributions

There are nine qualitatively distinct stress and plastic strain
distributions obeying the rules defined in x3, taking into account
both loading conditions with and without the thermal load acting.
These nine cases are found simply by exhaustive exploration of
what qualitatively different types are possible. The resulting stress
and plastic strain distributions, plotted against thickness coordi-
nate, z, are shown schematically in Figs. 2e10. The Figure captions
indicate which type of region they correspond to on the X,Y ratchet
diagram, where E ¼ elastic, S ¼ shakedown, P ¼ stable cyclic
plasticity, and R ¼ ratcheting.

Note that the algebraic expressions for the dimensions a,b,c,…
and stresses s1,s2,…will be different for the different Figures. These
expressions are given in Table 1. The manner in which these
quantities are found is illustrated in x5, which also derives the
shakedown and ratchet boundaries corresponding to each Figure,
as appropriate.
5. The shakedown-ratchet diagrams

It is clear from Figs. 2e10 which type of behaviour they repre-
sent. What is not immediately obvious is the region to which they
correspond on the X,Y ratchet diagram. However these regions can
be deduced by repeated application of the rules of x3 together with
the equilibrium condition, Eq. (5). The derivations are illustrated in
x5.1 and x5.2, below, for a couple of cases, the rest are done in like
manner.

The general solution for arbitrary a is given in Table 2 in the form
of algebraic expressions for all the boundary curves. Plotting these
curves on the X,Y axes leads to the ratchet diagrams, illustrated by
Figs. 11 and 12 for a values of 0.1 and 0.5 respectively. These
Figures show explicitly which region corresponds to which stress
distribution (Figs. 2e10). Note that the range of X is from �a to 1,
the former corresponding to plastic collapse under compressive x
stress and the latter corresponding to plastic collapse under tensile
x stress.

By rescaling the X and Y axes, a single “universal” ratchet dia-
gram, applicable for all values of a, can be obtained. To this end
define,

X0 ¼ X þ a

1þ a
and Y 0 ¼ Y

1þ a
(7)

All the boundary curves when plotted as X
0
,Y

0
are independent of

a, as shown explicitly in Table 2. The resulting universal ratchet
diagram is shown as Fig. 13. The range of X

0
is 0e1.

There are two disconnected ratcheting regions, separated by a P-
type (stable cyclic plasticity) region. The qualitatively distinct na-
ture of these two ratchet regions is discussed in x6. Both regions
become asymptotic to the vertical line X ¼ (1�a)/2, or equivalently
X

0 ¼ 1/2, when X is half the orthogonal stress. This asymptote is a



Fig. 11. a)The shakedowneratchet diagram for a ¼ 0:1. b)The shakedowneratchet diagram for a ¼ 0:1 (zoom out).
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line of symmetry of the whole shakedown-ratchet diagram. The
similarity of the original Bree diagram to Figs. 11e13 to the right of
the line of symmetry is clear. The original Bree diagram is regained
when a ¼ 1, except that we have extended it to compressive x
membrane stress.

Note that there is only one SeP boundary, namely the horizontal
line at Y ¼ 1 þ a (or Y

0 ¼ 1) which extends from point A to point B
whose X values are given in Table 2. Near the extremes of X, where
collapse is approached in either compression or tension, ratcheting
may occur for arbitrarily small Y.

Finally, algebraic expressions for the ratchet strains corre-
sponding to Figs. 5e8 are given in Table 3, as are the cyclic plastic
strains corresponding to Fig. 9.
5.1. Illustrationederivation of the boundaries for Fig. 5

As an example of how the algebraic results are derived, consider
Fig. 5. The slope of the elastic parts of the stress distributions are ±Y
giving,

1þ a

b� a
¼ Y (8)

Equilibrium, Eq. (5), gives,

�að1þ aÞ þ
�
1� a

2

�
ðb� aÞ þ 1$ð1� bÞ ¼ 2X (9)
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Eqs.(8) and (9) can be solved for a,b giving the results shown in
Table 1. For Fig. 5 to be valid we require a > 0 and b < 1. The con-
dition a > 0 is required for ratcheting to occur and hence corre-
sponds to the boundary curve with region P. Using the expression
for a from Table 1 therefore gives,

a ¼ 1� a� 2X
1þ a

� 1þ a

2Y
>0 (10)

and this can be re-arranged to give the equation for the boundary
between the regions defined by Figs. 5 and 9 as given in Table 2.
Similarly the condition b<1 provides the boundary with the region
defined by Fig. 6 and using the expression for b from Table 1 gives,

b ¼ 1� a� 2X
1þ a

þ 1þ a

2Y
<1 (11)

which can be re-arranged to give the expression for the Fig. 5/6
boundary curve given in Table 2. Finally, since the non-zero slope of
the plastic strain curve is Y, Fig. 5 shows that the ratchet strain is
given by,

εratchet ¼ �2aY (12)

Using the expression for a from Table 1 thus produces the
expression for the ratchet strain given in Table 3.

5.2. Illustrationederivation of the SeP boundary (Fig. 2)

The a and b parameters of Fig. 2 are given by the same algebraic
expressions as for Fig. 5 (the derivation is identical). The three
stress parameterss1; s2; s3, defining the stress distribution with no
thermal load can be found by requiring that the slopes are �Y and
using equilibrium, Eq. (5), giving,

s1 � s2

1þ a
¼ Y

s2 � s3

1� b
¼ Y (13)

�
s1 þ s2

2

�
ð1þ aÞ þ s2ðb� aÞ þ

�
s2 þ s3

2

�
ð1� bÞ ¼ 2X (14)
Fig. 12. The shakedowneratc
Solving Eqs.13 and 14 for s1,s2,s3 provides the expressions given
in Table 1. Fig. 2 will be on the boundary of the stable plastic cycling
region as s1/1 or as s3/�a. As it happens both these conditions
are achieved together, the expressions for these stresses given in
Table 1 showing that the SeP boundary is simply Y ¼ 1þa.
6. The nature of the two ratchet regions

The distinction between the right-hand ratchet regions, R1 and
R2, and the left-hand ratchet regions, R3 and R4, lies in which
strains are ratcheting, and in which sense, compressive or tensile.
This can be elucidated as follows. Consider firstly the right hand
regions, R1 and R2. Plastic incompressibility means that,

εyp þ εzp þ εp ¼ 0 (15)

where εyp and εzp are the plastic strains in the y and z directions, and
εp is the plastic strain in the x direction. Taking the difference be-
tween (15) over consecutive cycles means that the same relation
will hold between their ratchet strains. Consider a region under-
going yielding in x tension, so that the x stress is unity (when
normalised by yield). Since the z stress is zero, the (normalised)
hydrostatic stress is ð1þ ~smyÞ=3 and so the (normalised) deviatoric
x,y,z stresses are,

bsx ¼ 2
3
� ~smy

3
; bsy ¼ 2~smy

3
� 1
3
; bsz ¼ �1

3
� ~smy

3
(16)

In particular this means that bsz � �1
3 for 0 � ~smy <1. Referring

to the deviatoric stress plane illustrated by Fig. 14, this means the
point in question must lie below the red dashed line (AD). (Recall
that the Tresca yield surface crosses the deviatoric stress axes at a
value of 2/3). But it must also lie on the Tresca yield surface. Finally
it must also lie on a part of the yield surface which has bsx > bsy since
the above equations show this must hold for ~smy <1. Hence the
point in question lies on the line AB, as shown on Fig. 14. Now the
normality rule of plastic flow theory states that the plastic strain
het diagram for a ¼ 0:5.



Fig. 13. The ‘universal’ shakedowneratchet diagram for arbitrarya.

R.A.W. Bradford / International Journal of Pressure Vessels and Piping 129-130 (2015) 32e42 41
'vector' in the deviatoric plane must be normal to the yield surface,
hence normal to the line AB in Fig. 14. But this means simply that
the y plastic strain is zero, and incompressibility is satisfied by the z
strain being equal and opposite to the x strain, i.e., εzpþεp ¼ 0. In
other words, regions R1 and R2 correspond to tensile ratcheting in
the x direction balanced by thinning of the plate thickness, but no
plastic y strains.

Now consider a region undergoing yielding in x compression, so
that the x stress is �a (when normalised by the yield stress). Since
the z stress is zero, the hydrostatic stress is ð�aþ ~smyÞ=3 ¼ ð2~smy �
1Þ=3 and so the deviatoric x,y,z stresses are,

bsx ¼ �2
3
þ ~smy

3
; bsy ¼ ~smy

3
þ 1
3
; bsz ¼ 1

3
� 2~smy

3
(17)

In particular thismeans that 13 � bsy � 2
3 for 0 � ~smy <1. Referring

to the deviatoric stress plane of Fig. 14, this means that the point in
question must lie to the left of the green dashed line (BC). But it
must also lie on the Tresca yield surface. Finally, the above ex-
pressions show that it must also lie on a part of the yield surface
which has bsy � bsx¼1. Hence the point in question lies on the line
CD, as shown on Fig. 14. Now the normality rule of plastic flow
theory states that the plastic strain ‘vector’ in the deviatoric plane
Table 3
Solution for the cyclic plastic or ratchet x strains. For regions R1 and R2, the z ratchet
strains are equal and opposite to the x ratchet strains and the y ratchet strains are
zero. For regions R3 and R4, the y ratchet strains are equal and opposite to the x
ratchet strains and the z ratchet strains are zero.

Figure Parameters defining the stress distributions

Fig. 5 (R4) εratchet ¼ 2Y
�
2Xþa�1

1þa

�
þ 1þ a

Fig. 6 (R3) εratchet ¼ �2ðY � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YðX þ aÞp Þ

Fig. 7 (R1) εratchet ¼ 2ðY � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð1� XÞp Þ

Fig. 8 (R2) εratchet ¼ 2Y
�
2Xþa�1

1þa

�
� 1� a

Fig. 9 (P)
εcyclic ¼ Y � 1� a ðboth surfacesÞ
must be normal to the yield surface, hence normal to the line CD in
Fig. 14. But this means simply that the z plastic strain is zero, and
incompressibility is satisfied by the y strain being equal and
opposite to the x strain, i.e., εypþεp ¼ 0. But it is clear from the di-
rection of the strain increment, normal to CD on Fig. 14, that it is the
y strainwhich is the tensile ratchet strain for the R3 and R4 regions,
whilst the ratchet strains in the x direction are compressive
(consistent with Figs. 5 and 6). In these regions the thickness of the
plate is unaffected by the ratcheting.
7. Conclusions

The geometrical similarity between the original Bree diagram
and the universal ratchet diagram of Fig. 13 for the present problem
may beguile the reader into thinking that the addition of the
orthogonal y load has no effect. But this is not the case. Consider, for
example, the case of negligible primary x load (i.e., X¼ 0).With no y
load the original Bree diagram indicates that stable plastic cycling
will occur if Y > 2 but that ratcheting will not occur even for arbi-
trarily large Y. In contrast, suppose that the orthogonal ymembrane
stress is half yield. Fig. 12 shows that cyclic plasticity will occur for
Y > 3/2 if X ¼ 0 whilst for Y > 2.25 there will be ratcheting, a very
different result. The additional loading thus has a non-trivial (and
deleterious) effect. Moreover, this case with smy set to half-yield
and smx ¼ 0 differs from the case with smx set to half yield and
smy ¼ 0 which produces shakedown for Y < 2 and ratcheting
for Y > 2.

A curious feature of the ratchet diagram, Fig. 13, is that ratch-
eting will not occur even for arbitrarily large Y if X

0 ¼ 0.5 (though
increasingly large cyclic plastic strains will arise). But X

0 ¼ 0.5 oc-
curs if the x membrane stress is half the y membrane stress, i.e., if
X ¼ (1�a)/2. This is exactly the relationship between the axial and
hoop stresses of a thin pressurised cylinder. In a subsequent paper
it will be shown that a similar analysis has significant implications
for the ratcheting behaviour of a thin pressurised cylinder subject
to a cyclic, secondary global bending load.

Finally it is noted that the solution for �1< ~smy � 0 is identical
provided that the sign of X is reversed, and the signs of all stresses
and strains are reversed.



Fig. 14. The deviatoric stress plane and Tresca yield surface.
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