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Abstract. The entanglement of formation (EoF) between one-dimensional spatial 
regions is calculated for one, two and three identical, non-interacting, non-relativistic 
bosons. Both pure energy eigenstates and mixed states of up to 13 energy eigenstates 
are addressed. Particular cases are thermal states. The EoF is found to diminish as 
inverse temperature to a power between 0.5 and 0.63 in 1D. The EoF is also evaluated 
for mixtures of energy states which are quite different from thermal states. This sheds 
some light on the reason why the EoF reduces with increasing temperature. This is not 
due to increasing mixity alone, but also because of the preponderance within a thermal 
mixture of consecutive energy states, i.e. states differing in quantum number by 1. In 
contrast, the EoF remains high even for large mixities if all contributing pairs of 
quantum numbers differ by more than 1. In particular, the EoF is maximal if all 
contributing states have the same parity, even for maximal mixity. Hence, infinite sub-
mixtures of thermal states, with maximal mixity, can also have maximal EoF, even at 
high temperatures when the thermal state itself has vanishing entanglement. The spatial 
EoF is maximised when the partition splits the region of confinement into halves. For N 
bosons in the same energy state a good approximation to the EoF for a 50/50 partition 
is 1 + 0.5log2N. This provides an upper bound to the spatial EoF which can be obtained 
from a BEC. For example, a million atoms in the condensed phase produce an EoF of 
only 11 ebits. The spatial EoF for N bosons in a pure state with differing energies 
always exceeds that for equal energies. The upper bound for the spatial EoF of N 
bosons in a pure state with differing energies is N ebits, which contrasts sharply with 
the EoF for equal energies. The upper bound of N ebits is realised in the case of states 
of equal parity and a 50-50 partition.   

PACS numbers: 03.65.Ud, 05.30.Jp  
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1. Introduction 
The entanglement of quantum systems has been a vigorous area of research for the last fifteen 
years. This has been stimulated by the realisation that entanglement is the essential ingredient 
in many applications in quantum communication, [1], quantum teleportation, [2], quantum 
cryptography, [3,4,5],  and quantum computing [6,7]. However, a motivation of longer standing 
is the appreciation that entanglement is necessary for the logical coherence of quantum 
mechanics. The resolution of the EPR problem, [8], is the archetypal example. Perhaps the 
simplest example, however, is to consider a single particle described by a broad Schrodinger 
wavepacket. Using two detectors at a space-like separation, there would appear to be a non-zero 
probability of both detectors registering the presence of the same particle. Of course there is 
not, and the resolution of this conundrum which also avoids acausal behaviour is to recognise 
that the spatially separated regions are entangled, even when only a single particle is involved. 
The further implication of this example is that the correct quantum description is the quantum 
field. 
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Entanglement is not an intrinsic property of a quantum system, as emphasised in [9]. 
Entanglement exists only with respect to a given partition of the system into component parts. 
Specifically it must be possible to express the Hilbert space in question as the direct product of 
the Hilbert spaces of constituents, BA HHH . With respect to this particular partition a 
given pure state is said to be separable if and only if it can be written as the direct product of A 
and B states, i.e., 

BA
ba , where AA

Ha and BB
Hb . A state which cannot be 

so factorised is said to be entangled with respect to the partition BA HHH .  

It is not mere pedantry to insist that the partition in question is clearly defined. For a given 
quantum system, one may discuss many different types of entanglement depending upon how 
the composite system has been chosen to be partitioned. Failure to identify clearly what 
partition is intended can lead to confusion. It has been shown, for example, that any state vector 

 in any Hilbert space of non-prime dimension is separable with respect to a suitably chosen 

partition, [9]. The partition in which a composite state is separable is not necessarily the most 
obvious one. For example, considering a hydrogen atom to be composed of a proton and an 
electron is a partition in which the hydrogen atom is entangled, [10], albeit to only a small 
degree due to the disparity of its constituents  masses. The partition which disentangles the 
hydrogen atom and provides a separable state is the combination of the atom s centre of mass 
and the relative particle with mass equal to the reduced mass, [10].  

A further example is provided by a system of identical, non-interacting bosons. Suppose we 
consider a particle based partition in which 

j
i represents the jth particle in the ith quantum state 

(perhaps an energy eigenstate in a confining potential). A state of N particles can then be 
represented by a direct product of such states, one for each particle, together with such 
symmetrisation as may be required. If the bosons are all in the same state, as happens in the 
BEC phase, the N particle state is the direct product 

N
ggg ...

21
, where g represents the 

ground state. Hence, the BEC phase is separable with respect to a partition into particles.  

However, another possible partition is the spatial partition which results from the field 
description. In this case the objects whose states form the component parts are not the particles 
but spatial regions. For example, a region of confinement may be divided into two parts, 
denoted by the subscripts A and B. The Hilbert space of the system may be expressible as a 
direct product of the Hibert spaces of these spatial parts which in general may be entangled. For 
example, if there were just a single particle present, a possible state after tracing out unwanted 

details is 2/0110
BABA

, where the number denotes the occupancy of the region. 

This state is spatially entangled. Spatial entanglement of this sort arises naturally below the 
BEC transition temperature, [11,12,13,14,33,34], essentially because of the dominance of a 
single energy eigenstate. The hypothesised association between spatial entanglement and the 
long range order characteristic of phase transitions has been another recent incentive to the 
study of entanglement.  

Clearly, there can be no entanglement with respect to a partition into particles when only one 
particle is present. However, the partition into spatial regions is just as valid for one particle as 
for many, so the potential for spatial entanglement exists for one particle systems, [9,15]. The 
suggestion that the entanglement of single particle systems should be experimentally detectable 
probably remains controversial, criticisms of early proposals being given in [16,17,18]. 
However, schemes to detect single particle entanglement unambiguously continue to be devised 
and attempted, e.g. [19,20,21,40], but are so far probably not free of loopholes.  

As regards the spatial entanglement between many particle systems, the theoretical existence 
has been demonstrated of entanglement between spins, or individual oscillators, in thermal 
states on a1D lattice, e.g. [22,23]. However, these are not true examples of spatial 
entanglement since the entanglement actually exists between individual atoms/oscillators 
which happen to be spatially defined. In this paper, however, we are interested in true spatial 
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entanglement, i.e. the entanglement between a quantum field at two locations, such as has been 
discussed in [11,12,13,14,33,34]. Schemes which are claimed to be capable of experimentally 
detecting true spatial entanglement have been devised, e.g. [24], but confirmation of its 
physical importance remains to be seen.  

Quantification of the degree of entanglement has been widely discussed, e.g., [25,26,27,28]. 
Many different measures are available, but often present computational difficulties, especially 
for mixed states. The entanglement of formation, [29], which will be employed here, is 
generally agreed to be one suitable quantitative measure of entanglement. For pure quantum 
states of a composite system, the entanglement of formation is defined as the von Neumann 

entropy of the reduced density matrix of one component part. Thus, if is the state of the 

composite system, then AvNSEoF , where bbTr
Bb

BA , where A 

and B are the components parts, and AAAvN TrS log2 . Note that we shall use log2 

in the definition of entanglement throughout this paper, rather than adopting a varying base 
according to the dimension of the Hilbert space, as do some authors. The advantage of this is 
that the entanglement of formation (EoF) then has an absolute meaning and the entanglement of 
states from Hilbert spaces of differing dimension can be compared. The unit of entanglement is 
that of a two qubit Bell state, or singlet state (one ebit).  

The EoF may be easy to evaluate directly from its definition for any explicitly defined pure 
quantum state. However, the situation is different for mixed states. The density matrix, , 
defining a mixed state will have many possible decompositions into explicit mixtures of pure 
states, i . That is, there will be many ways in which to express the density matrix as 

ii
i

ip , where the pi are real probabilities in the range [0,1] and the states i are 

normalised but otherwise arbitrary and need not be orthogonal or linearly independent. The 
average entanglement of this specific decomposition is defined as the average of the 
entanglements of its pure states, i

i
iav EoFpE . But the value of Eav depends upon the 

decomposition, and hence cannot be the true entanglement in general, since this depends only 
upon the density matrix and the chosen partition. The entanglement of formation is defined as 
the minimum value of Eav for any decomposition, avEMINEoF

i
.  

The definition of the EoF is uncontentious but unfortunately provides difficulties as regards 
explicit computation in the general case. A closed form expression for the EoF has been given 
in [30,31] for the case of an arbitrary mixture of two qubits. Simple expressions have also been 
found for isotropic states (the class of density matrices which are convex mixtures of a 
maximally entangled state and the maximally mixed state), [32]. However, the general case 
remains a challenge to evaluate. In this paper, the EoF of density matrices of dimension greater 
than 2 x 2 has been evaluated by numerical optimisation (see the Appendix).  

2. Purpose, overview and structure of the paper 
In this paper we evaluate the spatial EoF for systems of one, two or three identical, non-
relativistic, non-interacting bosons. (The cases of single particles may equally be regarded as 
fermions). Pure states of definite energy are addressed as well as mixtures of such states. The 
energy eigenstates are defined with respect to a confining potential, or box, and the calculations 
are restricted to the 1D case. The formulation of the problem is described in Section 3. 

There were several motivations for this work. The first was to clarify the dependence of spatial 
EoF on the size, position and spacing of the regions defining the partition. These issues are 
illustrated here using the simplest possible case: a single particle in a pure energy eigenstate 
(Section 4). The second motivation was to gain greater understanding of how the spatial EoF 
changes with increasing mixity, and how the specific energy states in the mixture affect this. To 
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this end the spatial EoF of mixtures of between 2 and 10 energy states are calculated for a 
single particle (Section 5). This permits the special case of thermal mixtures to be addressed for 
a single particle, illustrating the reduction in EoF with increasing temperature (Section 6). A 
third motivation was to understand how particle number influences the EoF. Some observations 
are made regarding the N particle spatial EoF for pure energy states, distinguishing particularly 
between the cases when all particles are in the same energy eigenstate and when all particles are 
in different energy eigenstates (Sections 7,8). The EoF is calculated explicitly for pure states of 
two and three particles in differing energy eigenstates (Sections 8,9). Finally, the EoF is 
calculated for mixed energy states of two particles approximating the thermal state (Section 
10). 

A final motivation was to understand the absolute total spatial EoF in these states. Whilst 
spatial entanglement in systems of free bosons has been calculated before, e.g. 
[11,12,13,14,33,34], this has been restricted to quantification via the negativity, [35], or by 
purity measures, [14,28]. In effect these entanglement witnesses are restricted to quantifying 
the entanglement of just a single mode, and hence are all of order unity or less despite the 
many-particle systems considered. In contrast, here we address the total entanglement of 
formation.  

3. Formulation of partitioned states 
Numerical examples will be restricted to the 1D case and hence the formulation below is also 
restricted to 1D, though it generalises to 3D in a straightforward manner. We consider non-
relativistic, non-interacting bosons confined either through some central potential or within a 
box. The potential, )(xV , is assumed to be sufficient to produce bound states. The energy 

eigenfunctions of the Hamiltonian, )(2/22 xVmH x , are denoted xnu , . To simplify 
the numerical examples, the potential is required to be symmetrical, i.e. an even function, 

)()( xVxV . Consequently the energy eigenstates, xnu , , have definite parity. The potential 
is also assumed to produce an infinite set of bound state eigenfunctions which are orthonormal 
and complete. Examples include a harmonic potential or box confinement. The latter case will 
be used in numerical examples, although not necessary for the general development. We shall 
refer to the total spatial region as a box for convenience, but this may be infinite space. The 

box modes are 
L

xn

L
xnu sin

2
),( , where 2/Lxx , which vanish at the box 

walls, 2/Lx .  

In terms of a Fock basis, a quantum field operator is 
1

),()(
n

naxnux . Formulation of the 

partitioned states broadly follows [11]. The creation operator for a mode specified by )(xf  can 

be written 
Box

dxxxff ).()(  and f is assumed normalised, 
Box

dxxf 1)(
2

. A normalised 

state of a single particle in this mode is then 0f . Now consider the box to consist of three 

spatial partitions, labelled A, B and O. For region A, the mode function is modified such that its 
support is A. Hence the creation operator for a particle in this mode, and hence in region A, is 

Af , where,     

Ax
A dxxxff ).()(

     

(1) 

The constant, , is defined so that 0Af is a normalised state representing a single particle in 

this mode in region A. Hence we require, dxxf
Ax

22
)( . Creation operators for regions B 
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and O are defined analogously. Now choosing f(x) = u(n,x), we have,     

On
O
nBn

B
nAn

A
nn aaaaf

   
(2) 

where,     
1

1

k
k

A
nkA

n
An aRa

     
(3) 

and,     
Ax

A
nk dxxkuxnuR *),(),( ,    (4) 

and,    
Axk

A
nk

A
n dxxnuR

2

1

22
),(

   

(5) 

The latter expression follows from the completeness relation for the eigenfunctions, 

yxykuxku
k

),(),(
1

* , which also gives A
nm

k

A
nk

A
mk RRR

1

* . Equation (5) also holds for the 

other regions, with A replaced by  B or O. The commutation relations between the partitioned 
creation and annihilation operators are, 

0,,,,, BnAmBkAnAkAnBkAnAkAn aaaaaaaaaa  (6) 

The last of these follows from 0)()( * yxyuxudydx mn
ByAx

. However, the distinction 

between the partitioned operators and the true Fock operators results from the final commutator,    

A
m

A
n

A
mn

k

A
mk

A
nkA

m
A
n

AmAn
A
nm

R
RRaaS

*
1

*
*

1
,

  

(7) 

This is unity when n = m, i.e. 1A
nnS , consistent with Fock space, nmnm aa , . However, unlike 

the latter, (7) is also non-zero in general for mn . It is this latter fact that gives the partition its 
non-trivial structure and leads to the entanglement of formation falling below its maximum possible 
value in certain cases.  

The Fock states for the whole box are,    

0.....
!!

),.....(),(
21

2211

2

2

1

1

N

a

N

a
kNkN

N
k

N
k

   

(8) 

Analogously we can define partitioned states with respect to the A, B and O regions by,    

0.....
!!

),.....(),(
21

2211

2

2

1

1

N

a

N

a
kNkN

N
Ak

N
Ak

A

  

(9) 

and similarly with A replaced by B or O. However, caution is needed when dealing with these 
partitioned states since they are not all mutually orthogonal. Indeed, they would not all be 
normalised, either, were it not for the introduction of the 

 

coefficient. Partitioned states of N 
particles all in the same energy eigenstate, k, i.e.,     

0
!

)(
N

a
kN

N
Ak

A     
(10) 

are normalised and mutually orthogonal. Hence, 1 in these cases. However, the partitioned 
states of two or three particles of differing energy require 1 in order to be normalised in 
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general. For the states 
AA

mnnm )(1),(1 and 
AA

qmnnmq )(1),(1),(1 , where n, m and q are 

all different, normalisation requires 00
2

AmAnAnAm
A
nm aaaa

 
and 

00
2

AqAmAnAnAmAq
A
nmq aaaaaa . Repeated use of the commutation relation, (7), leads to, 

22
1 A

nm
A
nm S

     
(11)   

2222
21 A

mq
A
nq

A
nm

A
mq

A
nq

A
nm

A
nmq SSSSSS

  

(12) 

Two single-particle partitioned states in different energy states, 
AA

nn )(1

 

and 

AA
mm )(1 , are not orthogonal in general. In fact,    

A
nmAmAnAA Saamn 0,0     (13) 

Similarly, a pair of two-particle states, say
A

nq and 
A

nm , will not in general be orthogonal, as 

reduction of 00 AqAnAnAmAA aaaanqnm using the commutation relations shows. All the 

above relations apply equally with region A replaced by B or O. Partitioned states for one region 
are all orthogonal to partitioned states for another region. Partitioned states of N particles are 
orthogonal to any partitioned state of a differing number of particles.  

Since the states xnu ,  have definite parity, we may assume that the states are labelled so that 

their parity is 11 n . The implication of this for a partition into regions A and B which are 

each half of the box is that all of the 
2,BA

n = ½  and 0,, BA
nm

BA
nm RS  whenever n and m have 

the same parity. The latter follows from orthogonality of the eigenstates 

nmdxxmuxnu ),(),( * and the fact that the integral receives equal contributions from both 

halves of the box when the parities are the same.   

4. Spatial EoF for a single particle in a pure energy state 
Despite its simplicity, this example provides insight into the dependence of the spatial EoF on the 
size, position, and gap between, the spatial regions. The vacuum is written as the direct product of 
the vacuum for each part: 

OBA
000 . Hence (2) gives,   

OBA
O
nOBA

B
nOBA

A
n nnnn 000000

  

(14) 

It is clear from (14) that the energy eigenstates will in general be entangled with respect to this 
spatial partition. Suppose we are interested in the bipartite entanglement between regions A and 
B. We are thus interested in the density matrix formed by tracing out the state of the other

 

region, O, which gives,    

BABA
O
nOAB nnTr 0000

2

  

(15)  

where,    
BA

B
nBA

A
n nn 00

    

(16) 

In terms of a 2 x 2 bipartite basis with matrix indices in the order 
BA

00 , 
BA

n0 ,  

BA
n 0 , 

BA
nn , the density matrix is, 
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0000

00

00

000

2*

*2

2

A
n

B
n

A
n

B
n

A
nn

O
n

AB

B    
(17) 

noting that 1
,,

2

CBAI

I
n , as required. Since this is a 2 x 2 bipartite density matrix, the EoF 

may be found using the closed form solution of [30,31]. The resulting EoF has been calculated 
for the case of a particle confined in a box and illustrated in figure 1 (for n = 1). In this 
illustration the regions A and B are of the same size and symmetrically disposed about the box 
centre, in general with a gap between them. The same results are obtained whether the box is 
one dimensional or three dimensional so long as the regions A and B both extend over the 
whole of the y and z widths of the box in the latter case. Figure 1 plots the EoF against the 
length of the regions (as a proportion of the box width). When A and B are each half of the box, 
the EoF is unity. This is true for all pure energy states as may be seen from the reduced density 

matrix which is 2

2

0

0

A
n

B
n

 and this becomes 
10

01

2

1
for a half-and-half partition. This 

is true for an arbitrary symmetrical confining potential, )(xV . The EoF reduces if the A and B 
regions are reduced in size, or the gap between them is increased. For other pure energy states, 
e.g. n = 2, the dependence of the EoF on the gap is more complex and need not be monotonic. 

This is simply because the EoF tends to be greater if the magnitudes of the BA
n

, coefficients 
are larger  and this depends on what positioning of the A and B regions captures the most 
probability density, see (5). Note that the absence of a dependence on the gap reported in [11] is 
a consequence of the free space (plane wave) normalisation used in [11]. In general there will 

be a gap dependence for confined particles since the magnitudes of the BA
n

,

 

coefficients 
depend upon the positioning of the A and B regions, even for a given length.  

5. Single particle in equal mixtures of energy eigenstates 

5.1 Orthogonalisation procedure 
In this investigation we assume throughout that the regions A and B are each half of the box 
(region O vanishes). Hence, for a pure energy state the EoF would be unity (see Section 4). We 
also confine attention in this Section to equal mixtures such that each of NS different energy 
states contribute with probability, 1/NS. The density matrix for an equal mixture of the energy 
states n1, n2, is,     

i

N

i
i

S

nn
N

S

1

1

     

(18) 

Each energy eigenstate can be written in the form,    

BjA
B
nBAj

A
nj nnn

jj
00

    

(19)  

dxxnu
BAx

j
BA

n j
,

22
, ),(

     

(20) 
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Figure 1. Spatial EoF of a single particle in the ground state versus the length of the 
partitions for various gaps between the partitions and with the gap centred on the 
middle of the box.  

We have written (19) with arbitrary  coefficients but we consider only 
2,BA

j  ½ in the 

numerical examples, i.e. the box is partitioned into equal halves. Because the partitioned states 

BAjn
,

 are not orthonormal, we need to introduce an orthonormalizing scheme before 

attempting to find the EoF numerically. The orthonormalized single-particle A-partition states 

are denoted A
j . In terms of these the 

Ajn states are written,     

j

k

A
k

A
jkAj Cn

1

     

(21) 

Similarly, the B-system states are written 
j

k

B
k

B
jkBj Cn

1

. The first of the basis vectors is 

just,     

BA
BA n

,1
,

1

     

(22) 

For j > 1, orthonormality gives the first coefficient in (21) as,     

A
jAjA

A
j SnnC 111 

    

(23) 

where for clarity we have introduced the notation A
pqS to stand for A

KLS evaluated at 

pnK and qnL . The remaining coefficients are found by successively forming the scalar 

product of (21) with each state A
k  in turn. This leads to the following general expression 

which applies for 1 < k < j,     

1

1

*
*

1 k

i

A
ji

A
ki

A
kjA

kk

A
jk CCS

C
C    (24) 
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The last coefficient for each j is given by,     

1

1

2
1

j

k

A
jk

A
jj CC     (25) 

Note that (24) involves finding the kth coefficient for the jth state in terms of, (a)the ith 

coefficients of the jth state, with i < k and which have thus already been found, and, (b)the 
coefficients for the kth states with k < j, which have also already been found. Thus the only 

additional evaluation required for each new A
jkC is the scalar product A

kjS  from (4,5,7). 

Equations (23,24,25) apply equally with A replaced throughout by B.  

The orthonormalization scheme of (21-25) result in the NS energy states, (19), being expressible 
in terms of NS+1 A-system states and NS+1 B-system states. These states are the A-vacuum, 

A
0 , and the NS occupied A-states, A

j , plus the B-system equivalents. Hence, the density 

matrix for a mixture of NS distinct energy states is a special case of an (NS+1)  (NS+1) 
bipartite density matrix. 

5.2 Mixtures of equal parity energy states 
If all the energy states contributing to the mixture have the same parity, and a 50/50 partition is 

considered, then 0,BA
nmS  for all pairs of states with mn , and the C-coefficients become 

simply 0,BA
jkC except for 1,BA

jjC . The original partitioned states 
BAjn

,
 are already 

orthonormal in this case, 
BABA

1001
2

1
1 , 

BABA
2002

2

1
2 , etc. It is 

simple to show that any mixture of such states gives unit entanglement. The restriction to just 
odd or even parity states can be envisaged as placing a boundary in the middle of the box, with 
suitable boundary conditions imposed (Dirichlet for odd parities, Neumann for even parities). 
In either case we end up with a set of states which are orthogonal not just over the whole box 
but also over each half-box. So the partitioned energy states form an orthonormal basis.  

5.3 Numerical results for the EoF of single-particle mixed states  
The EoF has been evaluated using the numerical method described in the Appendix for two, 
three and four state mixtures of a single particle and for a range of quantum numbers. The 
results are listed in tables 1, 2 and 3 respectively. The minimum EoF for a given NS is the state 
of lowest mean energy, i.e. the mixture with consecutive energy states starting with the ground 
state, n1 = 1, n2 = 2,etc. Of the cases evaluated, that with the second lowest EoF had quantum 
numbers (3,4,5 ). Hence, energy is no guide to the EoF after the lowest energy state.  

The entries shown in italics (online red text) in tables 1-3 are those for which all the quantum 
numbers ni differ by more than 1. It is striking that these are also the cases for which EoF > 0.9. 
If any pair of quantum numbers differ by 1, then EoF < 0.9, otherwise the EoF > 0.9. Thus, the 
spatial entanglement between the two halves of a box confining a single particle which is 
equally likely to occupy any energy state chosen from a set which all differ in quantum number 
by >1, is little less than the maximal value of one ebit. Despite the elementary nature of the 
analysis, this result is nontrivial  even rather surprising. As noted in Section 5.2, if all the 
quantum numbers, ni, have the same parity then the EoF is unity.  

Does additional mixity lead to a reduction in entanglement? Consider firstly adding a third state 
to a two-state mixture. It certainly is not the case that adding the third energy component 
automatically reduces the entanglement. For example, consider n1=1 and n2=2. The 
entanglement of this two energy mixed state is 0.3862. However, we see that adding a third 
energy component with n3>3 leads to an entanglement of 0.5033, i.e. the entanglement is 
larger for the three-energy state. The reason for this, however, is that the n1=1 and n2=2 
combination has a particularly low entanglement. In the three energy state with n1=1, n2=2 and 
n3=4 (say), we might equally well have considered the pairs n2=2 and n3=4 (with unit 
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entanglement) or n1=1 and n3=4 (with entanglement 0.9151), with respect to which the three 
energy state has reduced entanglement. This suggests that the best comparison might be with 
the pair-wise average entanglement. For example, for n1=1, n2=2 and n3=4, the pair-wise 
average entanglement of the three energy state would be (0.3862 + 1 + 0.9151)/3 = 0.7671, 
with respect to which the actual three energy state entanglement is reduced (i.e. 0.5033 < 
0.7671).    

Table 1. Equal mixtures of two energy states (n,m) for a single particle and a 50/50 partition. 
Italic (red online) text indicates states with quantum numbers which differ by >1. 

n m EoF 
1 2 0.3862 
1 4 0.9151 
1 6 0.9653 
1 8 0.981 
2 3 0.8039 
2 5 0.9894 
2 7 0.9977 
3 4 0.5740 
3 6 0.9413 
3 8 0.9750 
4 5 0.7549 
4 7 0.9828 
4 9 0.9956 
5 6 0.6163 
5 8 0.9501 
5 10 0.9790 

odd odd 1 
even even 1 

 

Table 2. Equal mixtures of three energy states (n,m,q) for a single particle and a 50/50 
partition. Italic (red online) text indicates states with quantum numbers which differ by >1. 

n m q EoF 
1 2 3 0.3638 
1 2 4 0.5033 
1 2 5 0.5803 
1 3 4 0.6426 
1 3 6 0.9371 
1 4 5 0.7719 
1 4 6 0.9192 
1 4 7 0.9314 
2 3 4 0.5406 
2 3 5 0.8615 
2 3 6 0.8259 
2 3 7 0.8676 
2 4 5 0.8286 
2 4 7 0.9870 
2 5 6 0.7355 
2 5 7 0.9914 
3 4 5 0.4922 
3 4 6 0.6657 
3 4 7 0.7014 

even even even 1 
odd odd odd 1 
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Table 3: Equal mixtures of four energy states (n,m,q,r) for a single particle and a 50/50 
partition. Italic (red online) text indicates states with quantum numbers which differ by >1. 

n m q r EoF n m q r EoF 
1 2 3 4 0.2430 2 3 5 8 0.8558 
1 2 3 5 0.5074 2 3 6 7 0.7316 
1 2 3 6 0.4744 2 3 6 8 0.8551 
1 2 4 5 0.4557 2 3 6 9 0.8585 
1 2 4 6 0.5970 2 4 5 6 0.6388 
1 2 4 7 0.6146 2 4 5 7 0.8603 
1 2 5 6 0.4677 2 4 5 8 0.8428 
1 2 5 7 0.6835 2 4 6 7 0.8560 
1 2 5 8 0.6476 2 4 6 9 0.9870 
1 3 4 5 0.5364 2 4 7 8 0.8055 
1 3 4 6 0.6655 2 4 7 9 0.9876 
1 3 4 7 0.7201 2 4 7 10 0.9672 
1 3 5 6 0.7488 2 5 6 7 0.6254 
1 3 5 8 0.9524 2 5 6 8 0.7702 
1 3 6 7 0.8125 2 5 6 9 0.7884 
1 3 6 8 0.9296 2 5 7 8 0.7794 
1 3 6 9 0.9419 2 5 7 9 0.9931 
1 4 5 6 0.5864 2 5 7 10 0.9598 
1 4 5 7 0.8186 3 4 5 6 0.3689 
1 4 5 8 0.7927 3 4 5 7 0.6039 
1 4 6 7 0.7909 3 4 6 7 0.5840 
1 4 6 8 0.9293 3 4 6 8 0.7323 
1 4 6 9 0.9262 3 5 6 7 0.5805 
1 4 7 8 0.7539 3 5 6 8 0.7222 
1 4 7 9 0.9463 3 5 7 8 0.7708 
1 4 7 10 0.9196 3 5 7 10 0.9591 
2 3 4 5 0.4703 4 5 6 7 0.4551 
2 3 4 6 0.6403 4 7 9 11 0.9883 
2 3 4 7 0.6438 4 6 8 11 0.9847 
2 3 5 6 0.6550 odd odd odd odd 1 
2 3 5 7 0.8948 even even even even 1 

 

In a similar manner, for mixtures of four or more states, the average entanglement of all 
contributing triples of states can be found. The comparison between the actual EoF and the 
pair-wise averages are displayed in figure 2 for the three and four state mixtures evaluated. 
Figure 2 also compares the actual EoF with the average over all triples for the four state 
mixtures. This figure shows that mixing does indeed reduce the entanglement in general. 
Averaging over the entanglements of the contributing triples produces a closer estimate than 
averaging over the contributing pairs, though it is still a significant over-estimate of the true 
entanglement. The poorer estimate of the entanglement obtained by pair-wise averaging for the 
four state mixtures, as compared with the three state mixtures, also illustrates the effect of 
increasing mixity in reducing the entanglement. 

It is interesting that there appears to be an approximately linear relationship between the pair-
wise averaged (or triple-averaged) entanglement and the true EoF, though this line varies 
according to the number of states in the mixture. This may provide a means of obtaining an 
accurate estimate of the EoF of any equal mixture of arbitrary quantum numbers (n,m,q,r ) 
provided that the EoF of the lowest energy state, (1,2,3,4 ) is known. The latter provides the 
lowest point on the above lines, and hence provides the line itself [which also passes through 
the point (1,1)]. Of course, the EoF of all contributing two state mixtures must also be known 

 

but this is computationally far easier.  
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Figure 2. EoF of mixtures of 3 and 4 energy states for a single particle in a box: 
comparison with average entanglements of pairs and triples.  

However, despite the general rule that mixing tends to decrease the entanglement, this does not 
mean that highly mixed states necessarily have small EoF. This is because it may be that every 
pair of states taken from a mixture has a large EoF, close to unity. This occurs if all the states 
have the same parity or if all pairs have a large difference in quantum number, 1mn . In 

the latter case, table 1 indicates that the EoF of all pairs would be only slightly less than unity. 
Hence, the average EoF over all pairs would be close to unity and figure 2 implies that we may 
therefore expect the mixture itself to have large EoF, approaching 1. In particular, a mixture of 
an infinite number of equal parity states has both maximal mixity and maximal EoF, so that 
purity cannot always be used as an entanglement witness.  

We have also studied equal mixtures of five, six, seven, eight, nine and ten distinct energy 
states. But in these cases we have confined attention to the mixtures with the lowest quantum 
numbers, 1, 2, 3 NS, where NS is 5, 6 10. From the preceding results we expect these states 
to have the smallest entanglement for each NS value. The results are listed in table 4.   

Table 4. Entanglement of equal mixtures with ni = i. 

n Numerical EoF  Estimation Formulae, 
(26, 27) 

2 0.3862 0.3645 
3 0.3638 0.3495 
4 0.2430 0.2430 
5 0.2329 0.2329 
6 0.1806 0.1823 
7 0.1744 0.1748 
8 0.1449 0.1458 
9 0.1408 0.1398 

10 0.1217 0.1215 

 

These results suggest the following estimation formulae, 
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For even NS:   
SN

EoF
2

458.1      
(26) 

For odd NS:   
SN

EoF
1

398.1      
(27) 

These estimates are plotted in comparison with the numerically determined EoF in figure 3. 
The agreement is very good and seems to suggest that (26, 27) should provide a good 
extrapolation of the EoF to larger NS values. If this extrapolation is indeed reliable, it suggests 
that the spatial EoF of a thermal state of a single particle will tend to zero at high temperatures. 
This is because the number of energy states which will contribute with comparable probabilities 

to a thermal mixture is of order 1/~ EkTN S  where E1 is the lowest energy state. Hence, the 

estimation formulae, (26,27), suggest that the single particle EoF will decrease T/1 at 
sufficiently high temperatures in the 1D case.  

The reduction of entanglement at increasing temperature conforms to expectation, 
[9,13,14,23,33,34]. However, given that mixity has been exposed as an unreliable guide to 
entanglement, this result is not as obvious as might have been supposed. In fact, the reason why 
a high temperature thermal state has vanishing entanglement is revealed to be, not merely due 
to its high mixity, but specifically because of the preponderance within the mixture of 
consecutive energy states, i.e. states differing in quantum number by 1. Although the numerical 
example has been carried out for box modes, the same conclusion must apply for any 
symmetrical potential which necessarily produces states of definite parity.  
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Figure 3. Numerical EoF compared with estimation formulae, (26,27), for equal mixed 
states of N consecutive energies (n,m,q,r equal to  1,2,3,4 ).  

6. Mixtures approximating the thermal state of a single particle 
In this Section we consider mixtures of the first ten consecutive energy states, but with unequal 
probabilities in the mixture. The probabilities are chosen to approximate a thermal state at 
temperature T, and a range of values of kTE /1 are analysed from 0.001 to 2 (where E1 is the 
ground state energy and k is Boltzmann s constant). Because we are using only 10 energy 
states, the mixture ceases to be an accurate representation of the thermal state when more than  



Spatial entanglement of formation in pure and mixed energy states 

 

14 

10 states would contribute significantly to the true thermal mixture. The true thermal mixture 
would have probabilities relative to that of the ground state given by the Boltzmann factor 
(since we are considering states of just one particle the Bose distribution is not appropriate),     

1exp 21

1

n
kT

E

p

pn    (28) 

This is used as the basis for our assumed probabilities. However, the normalisation is adjusted 
to ensure the probabilities sum to unity over just the first 10 states. The approximation to the 
thermal state is expected to be reasonable for kT  30E1, for which the smallest contributing 
probability (p10) is 0.05 times the largest (p1).  

The EoF was found using the numerical method described in the Appendix and the result for 
each temperature is shown in figure 4 (black curve) and in table 5. A surprise is that the case of 
equal probabilities does not produce the minimum EoF. Actually the minimum EoF occurs for 
the unequal probabilities labelled kTE /1 = 0.01, see table 5, for which p1 exceeds p10 by about 
x2.7 (though this case is not a good representation of a thermal state).  

However, for kTE /1 0.03, where the approximation to the thermal state is good, the 
behaviour of the EoF is as expected. At temperatures kT < E1/2 the thermal state approximates 
to just ground state occupation, and hence the EoF becomes unity. However, at higher 
temperatures the EoF reduces steadily. It is clear from the graph that the EoF is tending towards 
zero at high temperature  until the limitation imposed by our restriction to just 10 states limits 
the accuracy of the representation of the thermal state. A power law fit suggests 

63.0TEoF for one particle in 1D when kT is sufficiently larger than E1. This is not too 

different from the rough estimate that TEoF /1  made in Section 5.3.  

Table 5. Entanglement of 10-state mixtures approximating the thermal state of a single particle 
at various temperatures (50/50 partition).             

7. The EoF of N-particle pure states of equal energy 
The remainder of the paper addresses the spatial EoF of states of more than one particle, assumed 
to be bosons. In this Section we consider N bosons all in the same energy state. The following 
Sections consider states of two and three bosons in different energy states. Before proceeding, it is 
worth noting a potential source of confusion. Since the bosons are non-interacting, it may be 
tempting to equate the density matrix for N particles to the direct product of N one-particle density 

matrices, N
N 1  An expression like this cannot apply in a site-based representation. The site-

based partition can be regarded as expressing all states as a superposition of direct products of NL 

kTE /1 
EoF 

0 0.1217 
0.001 0.1184 
0.01 0.1020 
0.03 0.1167 
0.05 0.1492 
0.1 0.2235 
0.2 0.3471 
0.4 0.5578 
0.6 0.7211 
0.8 0.8331 
1 0.9035 

1.3 0.9591 
1.6 0.9831 
2 0.9949 
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site states of the form 
LN

i
i

n
1

, where n is the occupancy of the ith lattice site. Whether the state 

in question is of one particle or many, the basis states are still direct products of the fixed number, 
NL, of lattice sites. In this site-based partition an N particle state cannot be regarded as a direct 
product of one particle states, since an N particle state is also expressed in a basis of products of 
just NL site-states.   
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Figure 4. EoF for thermal states of one and two bosons compared. The representation 
of the thermal state becomes poor for E1/kT < 0.03 for one particle, and for E11/kT < 0.2 
for two particles, but the extrapolation to zero entanglement at high temperature is clear 
(as illustrated by the T-n fits).  

The state of N particles all in the same energy state, n, can be decomposed into A,B partitioned 
states as follows, 
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(29) 

where we have assumed the 50/50 box partition after the first line, and hence 
2,BA

k  ½ . This 

expression has previously been derived in [11].  Note that although the formalism has been 
explicitly written in 1D, by regarding the quantum numbers, n, k, etc., to be replaced by triples such 
as zyx nnn ,, , etc., the same expression also applies for an N particle state of equal energies in 
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3D. The EoF of these pure states is found simply from the von Neumann entropy of the reduced 
density matrix. For example, for 2, 3 and 4 particles, the reduced density matrices are 

4/1,2,1diag , 8/1,3,3,1diag  and 16/1,4,6,4,1diag and hence the EoFs are 1.5, 1.811 and 2.031 
ebits respectively. Recall that the spatial EoF for a single particle energy state with a 50/50 partition 
is one ebit. Consequently, the EoF per particle of an N-particle state of equal energies diminishes as 
N grows.  

The EoF for up to a million bosons was evaluated. A very good fit for the whole range of particle 
numbers is,     

)(log1 2 NEoF

     

(30) 

The dependence on log2( N) for large N can be derived from the Gaussian approximation to the 
binomial coefficients. The eigenvalues of the reduced density matrix are seen to be,   

N

m

N

C
N

rNN
r

22
exp

2

2
, where, 2/Nrm

   

(31) 

and,     N
r

N

r

N
rEoF 2

0

log

    

(32) 

The limiting dependence on N follows by noting that the width of the peak of (31) varies as N , 

whereas the height of the peak (at m = 0) varies as N/1 . Consequently, the number of 

eigenvalues which make a significant contribution to the EoF is proportional to N , and the 

magnitude of each is roughly proportional to N/1 . Hence, for large N the EoF will vary as,    

N
NN

NEoF 22 log
1

log
1

   

(33) 

8. The EoF of two-particle pure states of unequal energy 
The two-particle state comprising particles with energy quantum numbers n and m with mn is 
given, for a 50/50 partition, by,    

0
2

1
0 BmAmBnAnmn aaaaaanm   (34) 

Recalling the normalisation factors of (9,11) this two-particle state becomes,  

BAnmBABABAnm nmnmmnnmnm 00
2

1

  

(35) 

Because the one-mode states 
A

n  and 
A

m  are not orthonormal, we need to apply an 

orthonormalizing procedure to (35). The procedure is just as described in Section 5.1 and leads to, 

BAnmB
AAB

A
B

BAnm nmnCnCnmnm 00
2

1
222222

 

(36) 

where the C-coefficients are found as in Section 5.1. Note that the derivation of (36) requires 

0),(),(2 *
2121 dxxmuxnuSSCC

BxAx

A
nm

A
nm

BA . Also note that correct normalisation of 

(36) follows from 211
222

22
2 A

nm
A
nm

A
nm SSC  which follow from (11,23,25). 

Equation (36) is a special case of a 4x4 bipartite state, the basis being A
AA

n 2,,0  and 
A

nm , 

and similar B-states. The reduced density matrix is obvious from (36), and diagonal. Putting 
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22 B
nm

A
nm SS for a 50/50 partition gives the EoF of the most general pure state of two 

identical bosons with differing energies to be,  

4

1
log

4

1

4

1
log

4

1
2 22AvNSEoF  (37) 

In the case of equal parity states, we have  = 0, since in this case the states are orthogonal on each 
half box. In this case the EoF achieves its maximum value of 2 ebits. Thus, each particle can be 
thought of as contributing unit entanglement.  

For other choices of n and m the EoF is smaller because  is non-zero. The largest value of  occurs 
for n,m = 1,2, and is  = 0.7208 for box confinement. Hence, the smallest EoF for any pure state of 
two particles in a box with different energy quantum numbers is 1.5832 ebits (with respect to a half 
& half partition). Note that the EoF for the case n = m, derived in Section 7, is 1.5 ebits, so the EoF 
for mn

 

always exceeds that for n = m.  

9. The EoF of three-particle pure states of unequal energy 
The three particle case requires more effort than the two particle case because it turns out that we 
need to carry out an orthonormalizing procedure for four different states: two one-particle states 
and two two-particle states. For the 50/50 partition we have,  

0
22

1
0 BqAqBmAmBnAnqmn aaaaaaaaanmq  (38) 

Hence, 

BAnmBAnqBAmq

BAnmBAnqBAmq

BA
A
nmqBA

B
nmq

qnmmnqnmq

nmqnqmmqn

nmqnmq

nmq

00

22

1  
(39) 

where the coefficients ij

 

and BA
nmq

, are given by (11,12), and we note that A
nmq

B
nmq  for the 

50/50 partition, so we can drop the superscript. The orthonormalization of the one-particle states 
proceeds as before. The orthonormalizing procedure for the two-particle states is as follows. Put,    

AA
A

A
A

DnmDnq 22221

     

(40) 

which defines the new orthogonalized state A
2 . Hence,    

00 21 AqAnAnAmAA
A aaaanqnmD   (41) 

Repeatedly applying the commutation relations, (7), results in,    

nqnm
A
nq

A
nm

A
mq

A SSSD /21

     

(42) 

and,   
2

2122 1 AA DD

      

(43) 

Finally put,    

AAAA
A

A
A

DDnmDmq 33323231

   

(44) 

This defines the orthogonalized state A
3

 

(together with the B-equivalent). The first coefficient 

follows from (42), 
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mqnm
A
mq

A
nm

A
nqAA

A SSSmqnmD /31

   
(45) 

Using the definition of A
2 from (40) gives,    

ADDDmqnqmqD AA
AAA

A
A

A
223121232 / 

  
(46) 

where,   mqnq
A
mq

A
nq

A
nmAA SSSmqnq /

    
(47) 

and finally,  
2

32

2

3133 1 AAA DDD

     

(48) 

It is understood that (40-48) also apply with A replaced by B. We can now express (39) in terms of 
the orthonormalized states. The result is, 

B
A

B
nm

BAAB
nqB

AA
mq

B
AA

nm
BABA

nq
B

A
B

mq

B
A

B
nm

AB
nq

B
AA

nm
BA

nq

B
AAB

nq
A

mq

B
A

BA
nq

B
mq

BA
B

nm
AB

nq
A

mq

BA
A

nm
BA

nq
B

mq

BAnmqBAnmq

nmCDCnD

nmCDCnD

nmCDC

nmCDC

nDCD

nDCD

nnmCDCD

nmnCDCD

nmqnmq

nmq

333222222333

333222222333

2322122

2322122

2222132

2222132

31212131

31212131

00

22

1

 

(49) 

Consider firstly the case when n, m, q all have the same parity. In this case all the S coefficients are 

zero, which means that all the coefficients are 1 and ij
BA

ij
BA

ij DC ,, . Hence the 2nd through 

the 7th lines in (49) are all zero, and the coefficients of all the remaining terms become 1. Hence 
(49) reduces to,  

B
A

BA
B

A

B
ABAB

ABABA

nmn

nmnnmqnmq
nmq

3223

322300

22

1

 

(50) 

This is a special case of an 8x8 bipartite state, the 8 states for each partition being 

A
AA

A
AA

AA
nmqnmn and  ,,,,,,0 3232 , i.e. three one-particle states, three two-

particle states, one three-particle state and the vacuum. The reduced density matrix is simply 
8/88xBA nmqnmqTr . The EoF is thus 3 ebits. In fact, it is clear that for any pure state 

of N particles whose energy states are all different but all have the same parity, the EoF will be N 
ebits. This follows from expressions like (39) since, in this case, all the coefficients are 1 and all 

the states are orthogonal since ij
BA

ij
BA

ij DC ,, . This contrasts sharply with the case when all N 

particles are in the same energy state, for which the EoF is very close to N2log1 . 

We now consider the case n, m, q = 1, 2, 3. Based on previous results we expect that this will 
produce the smallest EoF for a pure 3-particle state in which all the n, m, q are different. Equation 
(49) evaluates (for box states) to,  



Spatial entanglement of formation in pure and mixed energy states 

 

19 

B
AB

A

BABA

B
AB

A

B
AB

A

BABA

33

2222

33

22

12123505.0

4871.0

117339.0

12120588.1

012312304072.1

22

1
123

   
(51) 

Note that states 12 and 2 occur twice each in (51) and will thus give rise to off-diagonal terms 

in the reduced density matrix. Labelling the states 1 through 8 in the order: 

A
AA

A
AA

AA
123,,,12,,,1,0 3232 the reduced density matrix evaluates to, 

(52) 

2475.000

00673.00

000297.0645.

000645.1555.
0154.0464.00

0464.1698.00

000673.0

0002475.

123123BA Tr

 

The eigenvalues of (52) are 0.2475, 0.06733, 0.0025 and 0.18266, each being repeated. Hence 

the EoF of the state 123 is,            

(53) 

461.2

18266.0log18266.00025.0log0025.006733.0log06733.02475.0log2475.02

123

2222

AvNSEoF

 

Hence, the smallest EoF for any pure 3-particle state comprising different energy states is 2.461 
ebits and thus exceeds the EoF of the pure 3-particle state with equal energies, which is 1.811 
(see Section 7).   

10. The EoF of two-particle thermal states 
Consideration is restricted to mixtures of just 13 two-particle energy states, namely the states 
whose energy quantum numbers are (1,1), (1,2), (1,3), (1,4), (1,5), (2,2), (2,3), (2,4), (2,5), (3,3), 
(3,4), (3,5) and (4,4). This includes all states whose energy is 17 times the ground state, (1,1), 
energy or less. The density matrix is,     

mn
nm mnmnp

,

,,

     

(54) 

where (n,m) is summed over the 13 values indicated above. The probabilities, pnm, are defined by 
the Boltzmann distribution,      

1
2

exp
22

1

11

mn

kT

E

p

pnm            (55) 
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The probabilities are renormalized so that they sum to unity over the 13 states considered. It is 
expected that temperatures up to kT/E11 ~ 5 should be well represented by just 13 states, for 
which the smallest contributing probability (p12) is  4% of the largest (p1). For higher 
temperatures our 13-state mixture will depart from the true thermal state. Each of the 13 pure 
two-particle states can be expressed in terms of partitioned states in one of two ways, 
depending upon whether n = m or mn , thus, 

n = m:  
BABABA

nnnnnnnn 020
2

1

    

(56) 

mn :  
BBBB

nmmnnmnmnm
AAAAnm 00

2

1

 

(57) 

The main task we have in formulating the problem is to carry out the orthonormalizing process. 
This is required for both the one-particle partitioned states, 

BA
n

,
, and also the two particle 

partitioned states, 
BA

nm
,

, since neither are orthonormal as they stand. The five one-particle 

states, 5..2,1, ii
A

, are orthonormalized precisely as described previously, the 

orthonormalized set of states being denoted 5..2,1, iA
i , where 

A
A 11 and the 

remaining states are defined as in Section 5.1. Because (56,57) involve sums of products of one 
particle states, the numerical coefficients which finally appear are obtained as sums of products 

of the BA
jkC , coefficients of Section 5.1. 

Orthonormalization of the two-particle states is similar and generalises the process already used 
in Section 9. There are 13 two-particle states for each partition, 

A
11 ,

A
12 ,

A
13 ,

A
14 , 

A
15 ,

A
22 ,

A
23 ,

A
24 ,

A
25 , 

A
33 , 

A
34 ,

A
35 ,

A
44 . These are to be expressed in 

terms of the orthonormalized states 13...2,1, IA
I , where 

A
A 111 , via the definitions,     

J

K

A
K

A
JKA

Dij
1

     

(58) 

where the capital indices take values in the range 1,2 13, labelling the two-particle states, and 
state J denotes (ij). With this notation, the D-coefficients are found from a similar formula to 
(24), i.e., 

 for 1 < K < J,  
1

1

*
*

1 K

I

A
JI

A
KIAAA

KK

A
JK DDJK

D
D    (59) 

for K = 1,  
AA

A
J JD 1 1

       

(60) 

where the two-particle scalar products, 
AA JK , are found from formulae depending upon 

which quantum numbers are common, i.e.,    

pqnm
A
mp

A
nq

A
mq

A
npAA SSSSpqnm /

   

(61)    

nqnm
A
nq

A
nm

A
mqAA SSSnqnm /

    

(62)    

nm
A
mq

A
nqAA SSqqnm /2

     

(63)    

nq
A
nqAA Sqqnq /2

     

(64) 
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2A
nqAA Sqqnn

      
(65) 

These expressions all follow from the commutation relations, (7). The final coefficient is 
determined by normalisation,    

1

1

2
1

J

K

A
JK

A
JJ DD      (66) 

After some labour, the components of the density matrix, (54), can thus be found in terms of the 

orthonormal basis formed by the direct product of the 19 A-partition states, 
A

0 , 

5..2,1, iA
i , 13...2,1, IA

I , with the B-partition equivalents. The resulting density 

matrix is of dimension 19 x 19 = 361, though its rank is, of course, only 13.  

The EoF of thermal mixtures of these 13 two-particle energy eigenstates has been found using 
the numerical procedure described in the Appendix. The results are shown plotted against 
inverse temperature in figure 4 and compared with the EoF of the one-particle thermal states. 
The salient feature is that the EoF reduces with increasing temperature, at least so long as 

kTE /1 > 0.2 when the representation of the thermal state is good.  

Like the one particle case, a surprise is that the case of equal probabilities does not produce the 
minimum EoF. Actually the minimum EoF occurs for the unequal probabilities 
labelled kTE /1 = 0.1, see table 6, for which p1 exceeds the smallest probability, p12, by about x5 
(though this case is not a good representation of a thermal state).  

Figure 4 shows that the EoF of the two-particle thermal state approaches 1.5 at low 
temperatures (when the mixture becomes the pure ground state and Section 7 has shown that 
the EoF is then 1.5). Comparison with the one-particle thermal state shows that the EoF is 
larger for two particles (at a given temperature). As the temperature is increased the EoF 
reduces steadily (until kTE /1 > 0.1 when the representation of the thermal state becomes 

poor). A power law fit suggests 62.0TEoF for two particles in 1D when kT is sufficiently 

larger than E11. This is not too different from the rough estimate that TEoF /1  made in 
Section 5.3, and is almost identical to the one-particle result of Section 6.   

Table 6. Entanglement of 13-state mixtures approximating the thermal state of two particles at 
various temperatures (50/50 partition).  

E11/kT EoF 
p = 1/13 0.4613 

0.05 0.4147 
0.1 0.4020 
0.2 0.4504 
0.3 0.5436 
0.4 0.6457 
0.6 0.8372 
0.8 0.9966 
1.0 1.1226 
1.4 1.2911 
2.0 1.4148 
3.0 1.4809 

 

1.5 
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11. Conclusions 
The dependence of the spatial EoF on the partitions size and position, and the gap between the 
partitions, is an elementary consequence of the confined wavefunction shapes. 

For mixed energy states of a single particle: (a)The EoF remains high even for large mixities if 
all contributing pairs of quantum numbers differ by more than 1, i.e. if 1mn for all pairs; 

(b)The EoF is maximal (unity) if all contributing states have the same parity, even for maximal 
mixity; (c)The implication is that infinite sub-mixtures of thermal states, with maximal mixity, 
can also have maximal EoF, even at high temperatures when the thermal state itself has 
vanishing entanglement. Hence, the reduction of EoF at high temperatures does not arise due to 
increasing mixity alone. Purity is not always a good guide to entanglement for arbitrary types of 
mixture. It is true that increasing mixity most often has the tendency to reduce entanglement, 
and this has been illustrated here. But this general rule fails if the states in question are suitably 
contrived, e.g. of equal parity. 

The EoF of thermal states of one or two bosons was found to diminish monotonically with 
increasing temperature, as expected. For one or two particles in one dimension, the results 

suggest that xTEoF /1  with x about 0.5 to 0.63 for kT sufficiently large compared with the 
ground state energy. However, given that mixity has been exposed as an unreliable guide to 
entanglement, this result is not as obvious as might have been supposed. In fact, the reason why 
a high temperature thermal state has vanishing entanglement is revealed to be, not merely due 
to its high mixity, but specifically because of the preponderance within the mixture of 
consecutive energy states, i.e. states differing in quantum number by 1. 

For N identical, non-interacting bosons in the same energy state a good approximation to the 

EoF is )(log1 2 N . This result provides an upper bound to the absolute EoF which can be 
expected from a BEC. Even a million atoms in the condensed phase produce an EoF of only 11 
ebits. The increasingly dilute specific entanglement (EoF/N) in the thermodynamic limit 
suggests that spatial entanglement in a BEC may not be a practical source of entanglement 
experimentally. 

The EoF for N identical, non-interacting bosons in a pure state with differing energies always 
exceeds that for equal energies. The upper bound for the EoF of N identical, non-interacting 
bosons in a pure state with differing energies is N ebits. This bound is realised in the case of 
states of equal parity. This suggests that fermions may be potentially a richer source of spatial 
entanglement than bosons.  

Appendix A.  Numerical determination of the EoF 
The method of conjugate gradients was used. The particular procedure employed has been 

described in [36,37]. The method relies upon all possible decompositions, jj
j

jp , 

of a given density matrix being expressible in terms of a right-unitary transformation from 
some arbitrary initial decomposition, ii

i
ip . In these expressions j runs from 1 to J 

whereas i runs from 1 to I where J 

 

I. The values of I or J are the cardinalities of the particular 
decompositions. Thus, there exists a right-unitary matrix U which connects the two 

decompositions, 
I

i
ijij U

1

~~
, where IxIUU 1

 

and the tilde on the states denotes that 

these are the sub-normalized states defined by iii p~ , iii p
~

. To capture all 

possible decompositions the initial decomposition is taken to have cardinality equal to the rank 
of , i.e., I = r. Parameterizing all right-unitary matrices in some convenient manner thus 
provides a parameter space whose points are in one-to-one correspondence with the set of all 
possible decompositions. In our formulation we preferred to search a space of fixed cardinality, 
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starting with a decomposition defined by r non-zero vectors plus padding by the required 
number of additional zero vectors. (All J vectors will subsequently become non-zero in 
general). The possibility of improved minima of different cardinality was explored by running 
the program separately for different cardinalities. The advantage of this is that the matrices, U, 
are then square, and hence unitary, and can be expressed in terms of an Hermetian matrix, , 
as iU exp .  

The problem is to find a point in this parameter space which minimises i
i

iav EoFpE . 

The basic strategy is to evaluate the gradient of Eav in parameter space and then to move in 
parameter space such that Eav reduces as quickly as possible. The obvious algorithm, to move 
along the negative gradient, produces the method of steepest descents. The method of conjugate 
gradients is a refinement of this which generally improves the rate of convergence. The 
expression for the gradient of Eav was taken from [37], equation (10), which gives,  

ij
ji

jiav dgdE
,

, where, ij
A
i

A
jAji TriTrg

~~
loglog 22 B

 

(A.1) 

where iii , iB
A
i Tr  and TrA,B represent tracing-out the states of the indicated 

partition, e.g. 
B

statesBx
BB xxTr ...... . Note that the gradient matrix, g, is evaluated at the 

current position in parameter space, i.e. in terms of the current (evolving) decomposition, j
~

. 

The bulk of the computational effort is expended in re-evaluating the gradient matrix at each 

new point, since its calculation requires eigenvalue extraction in order to find A
ilog2 .  

Some care is necessary since the JxJ real coordinates of the parameter space are not ij , since 

these are complex with *
jiij , but rather ij for i 

 

j and ijIm for i > j. Different 

variants of the conjugate gradient method involve different expressions for the conjugate 
gradient, specifically by how much it differs from the negative gradient. The Polak-Ribiere 
variant was employed here. In addition, a restart was applied every N steps, with N set to the 
square of the rank. A restart resets the conjugate gradient to the negative gradient. Finally, 
each step requires the line-minimum along the direction of the current conjugate gradient to be 
found. For this Brent s method was used. 

A subtlety is that, for initial states of sufficient symmetry, the first order gradient can lead to 
only a sub-set of parameter space being explored. For example, if the coefficients of the input 
states are all real (as they are in this paper) then the above algorithm leads only to states with 
real coefficients, despite complex coefficients being essential to obtain the true minimum of Eav 

in most cases. In our implementation this problem was overcome by alternating the method of 
conjugate gradients with a simple search along prescribed curves in parameter space, a crude 
but effective strategy for symmetry breaking. 

The major practical difficulty with non-linear optimisation is the distinction between a global 
minimum and a local minimum. Algorithms like the conjugate gradient method are attracted to 
local minima. In general there is no guarantee that this will be the global optimum. However, it 
has been suggested, [38], that local minima of Eav are also global minima. This is a major boon 
to the numerical determination of the EoF. It is easy to check that a local minimum has been 
reached, simply by evaluation of the finite differences in all coordinate directions. These should 
all be positive, but some components tend to be small and negative due to numerical 
limitations. A convergence parameter can be defined as the ratio of the algebraically smallest 
finite difference to the average value in all directions. This convergence parameter was of 
considerable utility in practice, further iterations being made until any negative value became 
suitably small in magnitude.  
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In passing we note that in all the cases reported here a cardinality equal to the rank of the 
density matrix was sufficient to obtain the minimum Eav, i.e. an optimal decomposition. This 
was demonstrated simply by trying larger cardinalities, but these never produced an improved 
minimum for our states. It is known that this is not always the case. Examples where the EoF is 
non-zero and the cardinality of the optimal decomposition exceeds the rank have been given in 
[32] and [36]. The latter example considers the so-called Horodecki 3x3 states, [39], whose 
rank is 7. The EoF of these states was evaluated numerically in [36]. The minimum was not 
obtained until a cardinality of 14, twice the rank, was used. We have repeated this exercise to 
test our numerical routines and confirm this result (and also that the magnitude of the EoF is 
very small, less than 0.01).   
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